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INTRODUCTION. 



M. PoissoN in his Memoirs on Electricity, Magnetism 
and Molecular Actions, M. Ampere in his ^ Theorie des Phe- 
nomenes Electro-dynamiques,' and Fourier in his ^Theorie 
de la Chaleur,' have been the respective founders of the 
physical sciences considered in this treatise in a mathematical 
point of view. The subject of electricity (including what 
is called ordinary electricity. Voltaic actions and magnetism,) 
forming in itself a complete system, is the sole object of the 
first part of this work, the other subjects being reserved for 
the Second Fart; and as the ordinary course of mathe- 
matical reading in the University is a sufficient preparation 
for the study of the branches of science here treated, it is 
hoped that the suggestion recently made by a distinguished 
member of the University, will be in some degree answered 
in the present Treatise.* 

As an acquaintance with the properties of the remarkable 
functions treated by Laplace in the Mec. Cel. Liv. iii. is in- 
dispensable in investigations respecting electricity, instead of 
referring to that work I have here introduced them under 
the form of Preliminary Propositions; I have however fol- 
lowed a different rout, making the functions which shall 
possess those properties, the objects of investigation; and 

• Whewell*8 Dynamics, 2nd Ed. Preface, p. xviii. 
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have thus arrived at a more general class of functions (which 
are of great use in investigations relative to Latent Electri- 
city,) and also obtained several new and remarkable theorems 
with respect to Laplace's functions : it must be added that 
on referring to Crelle's Journal, I found that M. Jacobi 

^ had anticipated me with a respect to few of the theorems 

I alluded to. 

It was natural to consider the manner in which electricity 
is disposed in bodies, previous to its becoming sensible by the 
action of electro-motive causes ; this is the object of the second 
chapter, and I am not aware that it has beeen before made 
the subject of mathematical investigation. 

It could answer no useful purpose to point out what is 
new in the remaining parts of the work ; that wCl easily be 
recognised by those who are already acquainted with the sub- 
I ject, and those who are unacquainted would not benefit by 
I the information ; I shall only add that the sixth and seventh 
I chapters contain the theories of Ampere on Voltaic actions, 
Isnd Foisson on magnetism, with such modifications as seemed 
Ito simplify the processes employed by those writers. 

I have to return my best thanks to Professor Cumming, 
I for the facilities afibrded me by the use of his apparatus, to 
l-iwnfirm experimentally some of the results deduced in this 
1 work, from theoretical views. 

B. M. 
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ON ELECTRICITY. 



ON ELECTRICITY. 



CHAPTER I. 

PRELIMINARY PROPOSITIONS. 



The followkig prc^sitions, belonging to Pure Mathe- 
matics, are of the greatest importance in the investigations 
relative to Electricity. 

Prop. I. 

To find a rational and entire function of given dimensions 
with respect to any variable, such that when multiplied by any 
rational and entire function of lower dimensions, the integral 
of the product taken between the limits and 1 shall always 
vanish. 

Let f(Jt) be the required function of n dimensions with 
respect to the variable t\ then the proposed condition will 
evidently require the following equations to be separately 
true; namely, 

(«) i/(o=o, mt).t=o, i/(o-/=o, mt).f-'=o 

each integral being taken between the given limits. 

Let the indefinite integral of /(^), Qommencing when ^ = 0, 
be represented by fi(t); the indefinite integral o{ fi(t), com- 
mencing also when ^ = 0, by fiiit); and so on, until We arrive 
at the function /„(0» which is evidently of 2n dimensions, 
then the method of integrating by parts will give, generally. 
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Let US now put ^=1, and substitute for w the values 1, 2, 3, 
...... (t* — 1) successively; then in virtue of the equations (a), 

we get, 

(^) /i(0 = o, /«(0 = o, /3(0 = o,,,.,.,..,/,(0 = o. 

Hence, the function /„(^) and its (n — 1) successive dif- 
ferential coefficients vanish, both when ^ = 0, and when ^ = 1 ; 
therefore f and (l -fy are each factors of /„(^) ; and since this 
function h oi 9,n dimensions it admits of no other factor but 
^ constant c. 

Putting 1 - if = ^', we thus obtain 

dr(tt'y 



and therefore f{t)=^c 



dr 



Corollary. If we suppose the first term of f(Jt)y when 
arranged according to the powers of ^, to be unity, we evi^ 

dently have c = ; on this supposition we shall 

denote the above quantity by P^, 

Peop, II, 

The function P^ which has been investigated in the pre- 
ceding proposition, is the same as the coefficient of h^ in the 
expansion of the quantity 

Let t« be a quantity which satisfies the equation 
(c) w= t-\- h.u{l -u)', 

that is, w = 11-+--., \\ -2A.(i -2^)4.Ani; 

therefore -— = {l - 2 A (l - 2 /) + A^} ~*. 
dt 



PBELIMINAEY PSOPOSITIOKS. 5 

JBut if as before we write / for 1 — ^, we have by Lagrange^s 
Theorem applied to the equation (c) 

, , A^ d(tty A» d^(^0' o 
1.2 dt 1.5.3 df^ 

If we di£Ferentiate, and put for — ^- — its value 1.2.3...w.P„ 
given by the former propositicmy we get 

4^^ = 1 + P,A + Pok^ + Pg^' + &c. 

Comparing this with the above value of -j- the proposition 

dt 

h manifest. 

Prop. III. 

To integrate P„ . ^ from t = to^=l; w being any quan- 
tity entire or fractional between — 1 and + w . 

Since P„ is a function of n dimensions of which the first 
term is unity, we may represent it by 

1 + Jit + J^t^ + J^f + +A^. 

Hence, between the above limits we have 

•(d) fiP.f l_ + _A-+-^ + + ^' 



The actual sum of the terms composing the right-hand 
member of this equation is a fraction, of which the denomi- 
nator is (of + 1) (a? + 2) (w + S) ... ... (a? + w + 1) and the nu- 
merator is some function of w oi n dimensions, but which,, by 
the nature of P„ , ought to vanish when we make cb successively 

equal to 0, 1, 2, 3 (n — l), and therefore can be no other 

than c.^(^ - 1) (^ — 2). (a? — w + l), c being a quantity 

depending on n only: the right-hand member of the equation 
(d) is therefore equivalent to the fraction 

,3?. (a? — 1) (a? -2) {a - w + l) 



c. 



(r + 1) C2? + 2) (a? + 3) (.17 + n + 1) 
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If we multiply this quantity by a? + 1 and then put ,» = - 1 it 

becomes c(— 1)% but the right-hand member of the equation 

(d) under the same circumstances reduces itself to unity; 

hence c = (— 1)" substituting this value we get the required 

- , , V a;,(w - 1) (w "2) (of^n + l) 

integral, namely, (— n"".-: — ^ . \ , — ^ ^-7 ^. 

^ . -^^ ^ ^ (a? + l)(<r + 2)(cr + 3) (of + n + l) 

Prop. IV. 

To determine, between the limits t = and #=1, the 
integral of the product P^, P^- 

Case (1). When m and n are unequal^ one of them as 
n must be the greater; then P„ is a function of lower dimen* 
sions than P„ and therefore by Prop. i. the required integral 
is zero. 

Case (2). When m and n are equals then since 

put 1 — ^ for t\ that is, put 

* 1.2 * 

instead of ^'"j then multiplying by T and taking actually the 
fi^ differential coefficient, we get 

^ ^ ■ 1.2.3...W 

where S, C, &c. represent constants, of which it is unnecessary 
to calculate the values. 

Multiply both sides of the equation (e) by P», and ob- 
serving that between the assigned limits we have ^P„^~^ = 0, 
j{P„r"^ = 0&c., we get 

1 ./6aO»**.a. Tv 
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but by Prop. iii. 

•^ " ^ ^ '(» + l)(/^H-2)(7i + 3 (2W+1)' 



Hence we have jtPn- Pn = 



2w-»- I 



Prop. V. 

To develop the function P„. 

First Expansion, By Prop, i., we have, 

P =__L___ ^M«T 

" 1.2.3 n' dr 

Hence, /».= ^^ . J- U"-»^+'+— ^^^1^. <"+*- &c.? 

1.2.3...W d<» * 1.2 * 

(«) .= i-2.^±i.,+M«:L^> («+iK«+2)^_j^^; 

^ ^ 11 1.2 1.2 

Second Expansion. If w and v are functions of any vari- 
able t^ then the theorem of Leibnitz gives the indentity 

d^(uv) d"M dv dJ^'^u nin-l) d?v d^'^v 
dr df'^ dt df"-' 1.2 dt" d^-* 

put w = r and « = #'" and dividing by 1.2.3...W we have, 

(/) i».=*'--(")V"->< 

( 1.2 j I 1 .2.3 j 

l-/i* 

Third Expansion, Put 1 - 2^= /u and therefore ^^'= , 

hence P- = — . . — ^ ^ 

2" 1.2.3...W d/ii» 

2.4.6,..2« rf/ui" *'^ '^ 1.2 '^ » 
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1.8.5...(2n-l) «(«-!) , 

^^ - 1.2.3...« -^^ 2(2«-0"'^ 

■ w(«-l)(»-2)(n-8) ._, 

2.4.(27i- 1) (2W-3) "^ * 

Fourth Expansion. Put 1 -2#=cos05 hence by Prop. ii. 
we have, P„ « coefficient of ^" in (1 — 2 ^ cos0 + h^)^^ . 

But (l-2Acos0H-A^)-it = (l-^€^^)-i.(l-Ae-^^=^)"i, 

^ ^ 2.4 ' 

and if we collect the coefficient of h^ in this product, and sub- 
stitute trigonometrical expressions for exponential, we get, 

+ —7 rr.cos(w-2)0 + ;^ ^,^ — -cos(w-4).0+&c.} 

1.(2W-1) ^ ^ l.2.(2«-l)(2/»-3) ^ ^^ ^ > 

Corollary* The coefficient of cos (Ac0) in P„ is zero, wlien 
n-k is odd, but when n — Ac is even as 2 i, its value is then 

. 1.3.5. ..(2n-l) 1.3...(2«-1) w(n-l)...(n-i+l) 

2 • 



2.4.6...2W ' 1.2...i *(2«-l)(2w-S)...(2w-2iH-l)' 

^ l.S.5...(2a-l) , 1.3.5...(n-A;-l) 

But ^^ = 2* . ^^ ' , 

1.2.3...i 2.4.6...(n-A:) 

1 .3.5.. .(2n-l) w(/i-l)...(/i-iH-l) 

and 



= 2 



2.4.6...2n *(2w-l)(2n-3)...(2n-2i+l) 
_^ 1.3.5...(2w-l) 2n(2w-2)...(7i+A;+2) 



2. 4. 6.. .2/^ *(2w-l)(2w-3)...(n+A;+l) 
_^ 1.3.5...(w+A;-l) 



= 2 



2.4.6...(7»+A) 
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Hence the coefficient of cos{k9) in P^ when n^k is even is 

l.S.5...(n'-k-'l) 1.3.5...(w + A;-l) 
2.4.6...(/^ - A?) ' 2.4.6...(wH- Ac) 

This quantity is evidently the coefficient of A" cos A? iu 
(l - 2Acos0 + h^)~^ when w - A; is even, and a similar process 
will shew that the coefficient of A"~^cosA;0, in (l-2k cos0 + A*)"* 
is zero when n^k is even, but when w — Ac is odd its v^ue is 

1.3.5...(n + k) 1.3. 5. ..(«-*?) 



2.4.6...(w + A;-l), 2.4.6...(/^-A;-l)' 

Prop. VI. 

To expand a given function of /, in terms of functions 
of the same nature as P„, when such an expansion is possible. 

Let y be the given function of #, and suppose 

y = aP^ + bPi + cp2 + &c., 
where a, 6, c, &c. are constant coefficients to be determined. 

Multiply by Pq and integrate from t = to ^ = 1 ; hence 
if the definite integral JjPgy be represented by a, we have 

a^af^P,Po+bf,P,P, + cf,P,P, + kc. 
= a by Prop. iv. 

Again, multiply the same identity by P, and integrate from 
^=0 to ^=1, representing the definite integral ftPiy by /3, hence 

= ~ by Prop. IV. 

Similarly, if we put the definite integral ^P^y = y^ we get 

c 

&c. 
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Thus a, bj c, &c. are known and substituting their values, 
we get 

y = aPo + SjSPi 4- 5yP^ + T^Ps + &c. 

where a, j3, 7, &c..are all numerical quantities, and P^, Pi, Pg, 
&c. rational and entire functions of ^, the dimensions of which 
are respectively expressed by their sub-indices. 

Note, In the preceding investigation it has been assumed 
that the function y was capable of being represented by a series 
of the form aP^ + bPi + cP^ + &c., we shall here consider in 
what cases such an identity is possible. 

First, when y is any rational and entire function of t^ then 
this identity is evidently possible, for if y be of w dimensions 
it has m+ 1 coefficients in its most geperal form; if therefore 
we take the first m + 1 terms of the above series, they express 
another function of # of m dimensions containing m + 1 arbi- 
trary constants; and if we equate like powers of t we shall 
have m + 1 equations by which these constants may be de- 
termined. 

Example. To expand f", where m is a positive integer 
in functions of the same nature as P„ . 

Here by Prop. iii. we have 
a = /P„r = 



/3 = /P,r = 



rw -f- 1 

m 



{m + 1) (wiH- 2) ' 



r ^ m . (m — 1) 



(m^ 1) (m + 2) (m + S) 
'&c. = &c. 
Hence, 

1 ^ 3m „ 5.wi.(/w— 1) ^ „ 

rw + 1 (m+l)(m+2) (w + 1) (wH-2)(m+3) 
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Secondly, when y is any transcendent, which may be ex- 
pressed in a converging series always finite, from ^ = to ^ = 1 ; 
for we may then consider it as consisting of a great but finite 
number of terms, and therefore the former reasoning will apply ; 
and it is easy to see that none of the quantities a, /3, 7, &c. 
will be infinite iii this case*, the series in the required form will 
moreover be converging, for values of t between and 1. 

Example. To expand #'*" where ^' = 1 - #. 

Let P'y, P'l, P'jj* &c. denote the values of P„, Pj, P^, &c. 
when t' is put for ^; it is evident by Prop, i, that P'„=(-l)'* . jP„. 

Hence we have a = jiP^t'"^ from ^ = to t=l 

= /' A^"" from ^' = to ^' = 1 
1 



m H- 1 



since the accents may be omitted. 



Similarly, /3 = jjPi^''" from t^O to # = 1 

= - fi'P'it'"^ from ^' = to ^' = 1 



m 



(m H- 1) (wiH- 2) * 
&c. = &c. 



Therefore 



f'rn^__l_ p ^ ^ p ^ 5m.(m-l) ^^ 

which holds true for any value of m from — 1 to + 00 , sup- 
posing t to be kept within the limits and 1. 

Corollary. Since P„ = (- 1)" . P„', this formula becomes 

1 ^, 3m ^, 5wi.(m-l) ^ 

^'"= 'Po+7 xw -x-Pi+; ,. ^ -/ V^2+&c. 

m+l (m+l).(m+2) (m-|-l)0/*+2)(w-|-3) 

• Vide Camb. Trans. Vol. iv. p. 359. Art. 3, &c. 
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and if we now omit the accents, we get the same expression as 
that already obtained for ^"*, which is therefore true for aU 
values of /w, from - 1 to + w , provided t is between and 1. 

Thus, let m =5 - •^, we get 

~7= = 2{P^ + Pi + P2 + &c.} 

which may be confirmed by observing that by Prop. ii. we have 

{l - 2^ (1 - 20 + h'} -i = Po + Pi^ + ^2*' + &c. 
and then putting h^z I, 

Again, if we differentiate the general expression for /^, and 
then put m = 0, we get 

-log.(0 = (Po+ A) +i(Pi +P2) +^(P, + P3) + &C. 

A simple numerical illustration may be given by putting 
t^^ when we have P2«= coefficient of h^^ in (l + ^*)""* 
by Prop. II. 

. ^^ 1.3.5...2W-1 

^ ^ ' 2.4..6...2W ' 

and P2„+i = 0; 

.-. TTTT = A/(i) = 1 - i + -—-7: + &c. 

2\/(i) 2-* 2.4.6 

and -.log,(i) = log.(2) = l-^.i + jL.ll£.&c. 

Prop. VII. 

To compare the indefinite integral of P„ of any order not 
higher than the n*, and commencing when ^ = with its diffe- 
rential coefficient of the same order. 

If we denote the m^ integral of P„ by the symbol jj*" P^ 

1 d" (^0" 



then, since P^.^s 



1.2.3...n* df ' 
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we have tP^^^ . — , , 

all the successive integrals commencing when # = 0. 

Expanding the right-hand member by the Theorem of 
Leibnitz, we have 

l.?.3...7*j;-P„ = ^V— -— + (n-m) 



TTi d^ ' dr-"*-" 



+ &c. 



and actually performing the differentiations, this expression 
becomes 



n fi "tn 



n.(7i-l)(n-3)...(m + l).(#0'"- {^"""- • .#^— "-' 

1.2 (m + l)(m + 2) * 

In like manner, we nave — ; — = . ; — ^ , whence 

dir 1.2. 3. ..w df 

dr dr+'" ^ ^ d^ df»+'"-* 

and performing the differentiations, the first m terms will vanish, 
and the expression will become 

(-l)"*.»(n-l)(w— 2)...(m-*-l)x(n + m)(n + m-l)...(n + l) 

„-« 1_ .^'»— -^# 

1 w+l 

1.2 (m|+l)(w + 2) *^ 
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Comparing both expressions, we get, finally 



fr^Pn- 



nn 



{n-\-m) (/^ + m-l)...(7»-m+l) dt' 

m 

Corollary 1. Let m= 1, we get 

rp **' ^ 

from whence it is obvious that the definite integral of P^ taken 
between any two values of t which render P„ a maximum or a 
minimum, or from any such value of ^ to ^ = or 1, always 
vanishes*. 

Corollary 2. Put l-2# = ^i in the equation just obtained, 
then since tt = , we get 

^^ ""'n.in^lY df, ' 

d { dPA 

hence ^ U^ "" Ai^) • 3— ^f + w . (/^ + 1) . P„ = 0, 

where P„ is expressed by a differential equation. 

Corollary 3. We may also by this proposition integrate 

d'P^ d'P„ 
from ^ = to t= I the quantity (tt y . . -— r ; for if we 

at at 

integrate by parts, observing that the part outside the sign of 

integration vanishes between limits, we get 

f(tt'Y ^ ^-- f^:^ ±htfY ^1 
But 

Wt[^"^'^]°^~^^' ' ^^""^'"^ (»»+r-l)...(m-r+l) .^'-'7^. 

= - (m+r) (m-r+1) (tt)'-' . '^~ . 



• f' 



Camb. Trans. Vol. iv. p. 393. 
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Hence 



we may thus reduce the index r by unity, and continuing the 
process, we should finally arrive at 

(mH-r)(wH-r-l)...(m-r+l).^P^P„, 

whence by Prop. iv. the required integral when m and n are 
unequal is zero, but when equal it is 

(m + r)(mH-r-l)...(w-r + l). 



2m + l 



Prop. VIII. 

If Q„ be the coefficient of A", in the expansion of the 
quantity { 1 - 2 A (cos 9 cos 0' + sin 6 sin ff cos (0 - 0') + A* } ~i ; 
also if "y represent cos 0, and jn = cos 9 cos 9' + sin sin ff cos (0 — 0') , 
and J' be any function of jm ; then shall j^.^ /^. Qa = + 2 irffj.F. P„, 
the limits of /* being — 1 and + 1 ; of «y, the same ; and of 0, 
and 2x. 

Conceive a fixed line drawn through the centre C of a 
sphere, of which the radius is unity. 

Let a point P be taken within the sphere, at a distance h 
from its centre ; the straight line h making an angle Of with the 
fixed line. 

Let a point P be taken on the surface, and let the radius 
passing through it make an angle 9 with the same fixed line ; 
and let the planes of the angles 9 ff he inclined to a fixed plane 
at the angles (f> and 0'. 

Then ix is evidently the'cosine of the angle (co) included by 
the right lines CP and CP*. 

Hence if F represent the density a,t the point P, then the 
sum of all the elements divided by their distances from P' is 
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expressed by / T-y ; putting the distance PP' = S, and the 

^ ? 
double integral being extended over the surface of the sphere ; 

the limits of (p being evidently and Stt and of y or cos0, — 1 

and +1. 

But since P is a function of y^ the annulus which contains 
all the points similarly situated as P with respect to P', will 
be expressed in mass by — STrPsinco.So) or QirFSfx; the sum 
of all the elements of the spherical surface divided by their 

respective distances from P' will be now expressed by / — ^— , 

from ^i = -lto/i = + l. 

But j^ Qo'\- Qih + Qzh^ +...^c, 

and also = Pq + -Pi* + A*^ +...&c. where P„ = the coefficient 
of A» in {l - 2A . (1 - 2t) + h^] "^ when 1 - 2^ = /x; 

and if we equate like powers of A, we have 

/y^PQ, = + 2x/^PP„. 

Corollary. If P = Q,, we obtain a theorem analogous to 
that given in Prop. iv. viz. 

fyUQmQn^^Trfti Pf^Pn = 0, w and TV bciug unequal, 

Prop. IX. 

The function Q» satisfies the equation, 
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Put as before /a = cos d cos ff -{-wmOsinff cos (0 - (f/), then 
if w be any function of 9 and (py the principles of the differential 
calculus give the equations 

du 1 du 

dy sin0' dO' 



^{<-^ 



du\ ^ ^u COS0 du 
dyY ^ '^]'dQ''^l^''dQ' 

_ du du da 

But t:; = -:— • -^ 
c^d djuL dd 



du , 
= Jcos0sin0'cos(0-^') -cosfl'sinflj ; 

**. -r^ = 3—= {cos0sin0'cos(0 -0')cos0'sin0i^-/A — ; 
dxr dfjL a/i 

and. by a similar process we get 

d^'^d^ {sin0sin0'8in(0-f)}, 

— -r- = -—-. sin^d . sin^fl' sin^(d) -0') - — -. sin d sin 0' cos (0-^'). 
d(b djjL dfi ' 

Now the substitution of these values in 

d j du\ 1 cPu 

d^\^^''^^'d^]^^^'d^' 

will reduce it to 

_ -^ (Pu du 

Assign now to tt the particular value Q, = P, as was 
shewn in the last proposition by putting -y = 1 —2<, thence 
we obtain 

c 
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= - w (n + 1) . Q„. 

Pkop. X. 

To expand Q„ in a series arranged according to the cosines 
of the multiples of — <pl. 

The term which involves cos Ac (0 — 0') in the expansion 
of the surd 

{l - ^h [cosOcos^ + sindsind'cos(0 - 0')] + K^\ "^ 

can eome from those terms only in which cos (0 — (p!) is raised 
to powers equal to A;, Ac + 2$ Ac + 4, &c. ; it must therefore con- 

tain the factor sin* (0) or (l - •y^)8. 

Now Q„ is the coefficient of A" in the above-mentioned ex- 
pansion, from whence it is easily seen that the coefficient of 
cos Ac (0 — (f>) in Q„ is of the. form 

and therefore, if this quantity be represented by g^, we have 
Q« = 9o + 9i cos (0 - 0') + ^sj COS2 (0 - 0') +9s cos3 (0 — 0') H- &c. 

Substitute this value for Q„ in the equation given in 
Prop. IX. and equate to zero the coefficient of co8Ac(0-0') 
which results, hence 

put now for g^ its value given above, and equating like powers 
of •y, we have in general 

(w - Ac - 2m + 1) (ti - Ac - 2m + 2) 
2m (2w - 2m + 1) 
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from whence by assigning to m successive values, it follows that 
9*-«o(l-7)i7 2.(27.-1) "^ 

2.4.(2n-l).(27i-3) '^ 

which equation may for abridgement be written 

9^* = «o • i^* (7)v 
where Uq remains yet to be determined. 

Now, since G and ff are similarly involved in Q^ and there- 
fore also in qj^, if we make cos0' = y' it is evident that we must 
have 

q,= A.F, (70 . F, (7), 
where A is independent of 6 and 0'. 

Put 6 = ff =^ — , and therefore 7 = 7' = ; then if n - A; 
is even, we have from the general value of Fjg(y)f 

1.2.3 (n — k) 



^* (0) = 



2. 4. ..(«-&) X (2« - l)(2n-S)...(n + k+ l)' 



and ^;^, which in this case is the coefficient of A" cos A; (0 - 0') 
in the expansion of {l - 2A cos (^ - 0') +A^}"^ is expressed 
hy A {F,(p)]K 

But by Prop. v. the same coefficient was shewn to be 
equal to 

1.3.5...(7.- A?- 1) X 1 .3.5...(7i + A;- 1) 



2. 



2 . 4 . 6. ..(/. + A;) X 2 . 4 . 6...(n + A?) 



fl.3.5...(27.-l)P n.(n-l)...(n-k + l) 
\ 1.2.3,..n j *(» + l)(/^+2)..,(»+^A;)' 

except when A? = 0, for then we must take only half the value 
given by this formula. 
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d f • « 
But when n-^k is odd, then if we denote — — {-^"^(7)$ 

ay 

1 .^.3 (n-k) 

and it is evident that the coefficient of 77' in qj^fisA {l^jc(0)]\ 

Now the surd of which Q^A* is the general term when ex- 
panded, neglecting the second and higher powers of y^ 7', 
is evidently 

{l-2Acos(0-0')+*'}"* + *77'{l-2Acos(0-0') + A*}-», 

from whence the coefficient of 77' in qj^, is the same as the 
coefficient of k*~^ in 

{1 - 2Acos(0 - 00 + ^'} "*; 

that is, by Prop. v. , 

1 .3.5..,{n — k) X 1 .3.5,..(n + k) 
' 2.41.6. ..(n -A - 1) X 2.4.6...(w + A?- 1)' 

comparing this with the value above obtained for the same, we 
get exactly the same value for A^ as. in the former case. 

Hence the required development . is 



n 



+ ^^ • ^1 (7) ^1 (7) cos(0 - 0') 

Prop. XI. 

To find the most general, rational and entire function, 
with respect to sin0, cos0, sin0, cos0, which will satisfy 
the equation 
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where y is put for cosO. 

Suppose the required function is expressed in terms of the 
sines and cosines of the multiples of 0, and let the general term 
of this expansion be represented by Aj^co^ki^ + jB^ sink(f>. 

Substitute this value for u in the given equation, and com- 
paring the terms which contain the same multiples of 0, we 
obtain, as in the last proposition, 

ov* f k (n-k)(n-k-l) j. . 

A=«*(i-y)M7-*-^--i^n)-^-7"-*-'+&c.} 

where aj^ 6^ are arbitrary constants. 

Now by Prop, v., if we put 1 - 2# = 7, we have 

where c and c' are independent of y. 



Hence, A^ = 0^ sin (0) . 



* /ij\ *• * « 



dy 



5,=/3,sin*(0).£^-, 

where a^^ (ij^ represent arbitrary constants. 

Hence the required function in its most general form, is 

u = ooPn + (aicos0 + /3isin0) . sinO—^ 

dPP 

-f (a)icos20 + /32sin20) sin^d.—- ^ -f &c. 

dy 



22 ON ELECTEICITY. 

Prop. XII. 

If F«, Z„ are any rational and entire functions which 
satisfy respectively the equations 

it is required to find the value of ^^ I^m^* between the limits 
'y = - 1 and Y = + 1» and from = to = 2 tt. 

I 

Putting Y = cosd, we have by the last proposition, 
Y^ = ooPm + (ai COS0 + )3i sin0) . sin Q 



dy 

+ (a2 COS20 + fiz sin 20) dn^Q—-^ &c. , 

ay 

and 

Z« = ooP« + («i cosd) + hi sind>) . sin0 -—- ? 

+ (og cos20 + hz sin20) sin^fl . ——^ &c. ; 

where qq) a^ jSi, ag, /Sg, &c., and Oq, a^, &i, &c. are any ar-< 
bitrary constants. 

Multiply both these series together, and integrate the 
product with respect to 0, from = to = 27r, observing 
that the integral of the product of the cosines or sines of 
unequal multiples of vanishes between the given limits; 
hence, 

U F« Z„ = 27r {a,aoPn.Pn + \ {a,a, + 6^ A) ^^^'^^ ' ^ 

+ h (ttgoa + 62/82) sin*0 -— ^ . — -| &c. 
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The general term of this series is evidently a constant 
quantity multiplied by 

and if we make ^ == ^ "" ^ ^ ^^^ 1/ =1 —t as before, we have 

^^. d-/ dy' < df df ' 

which by Prop. vii. Cor. 3. = 0, when m and n are unequal, 
but when m — n^ its value is 

2 

- .(n-\-T){n-\-r - 1) (w - r + 1). 



27^ + 1 
Hence when m and n are unequal, 

but when m — n, 

f ^ (t^ - 1) . 7i . (7i + 1) (/i + 2) (agag + ^2)82) + &c.} 

Cor. 1. If we represent the general value of Z„ by 
jP(0, 0), and suppose F„ to be the coefficient of A* in the 
expansion of the quantity, 

{1 - 2A [cos0 cose' + sine sin0' cos(0 - 0')] + h^\ "i, 

which by Prop. ix. evidently satisfies the equation in the 
enunciation of the present proposition, then shall 

that is, it is the same as Z„ when Q and are changed into ff 
and 0., and then multiplied by . 

For if in the expansion of F„ given in Prop. x. , we put for 
Fj^ (7) its value found in the succeeding proposition, we have 



24 OM ELECTBICITY. 

sin d sins' dP. dP, 



Y. = P.P'. + 



—7 r- . —-^ . -p-f . 2COS (0 - <b') 

« (» + 1) dy dy' ^^ ^ ' 



sin 'gsin'e^ (PP, rf'P', ^ .. .,,. 

where 7' = cosS' and P'„ is the same function of y that P^ is of 
y ; then comparing this value with the form assumed for F„ in 
the present proposition, 

we have oo = 1, 

2 sin d' cos 0' dP'„ 

n (7^ + 1) dy ' 

^ ^ 2 sins' sin 0' dP', 

&c. = &c. 
substituting these values, we obtain 

fyf^ Y^Zn = ^^—^ {«o + (tticos^' + 6isin0') sin0'^ 

+ (a2Cos2(j> + b2sin2(pf) &w?ff + &c.| , 

which is evidently what the general value of Z„ becomes, when 
9 and <f> are respectively changed into ff and 0' ; and the re- 

suit multiplied by 



2n + 1 



Cob. 2. A process similar to that employed in Prop, iv, 
will equally apply to the expansion of a given function y, in 
terms of functions of the same nature as Z„ ; that is, such as 
satisfy the equation 

d f dZA 1 d^Zn 



CHAPTER II. 



STATEMENT OF THE OEDINARY ELECTEICAL PHiGNOMENA. 



(l). Production of Electricity. 

When a piece of amber, sealing-wax, &e. or a plate of 
glass is rubbed briskly with a woollen cloth, and then held 
near small pieces of paper or. other light substances, some are 
observed to fly towards the rubbed body, and attaching them- 
selves to it for a short time, to fly off again, while others 
having arrived within a short distance of that body, suddenly 
fly back without touching it. These phaenomena are called 
electrical from the Greek ^eXeKTpov amber, and in this case 
the body which exerts such attractions and repulsions is said 
to be electrised by Friction. 

Electricity is also produced when bodies undergo a change 
of state, as when melted sulphur is poured into a metallic pot, 
supported on glass l^s, and allowed to solidify by cooling; 
in this state both the sulphur and the vessel exhibit signs of 
electricity. 

Pressure as in the case of the topaz, and heat as instanced 
in tourmaline develop electricity. 

The organization also of certain animals, as the torpedo, 
produces effects similar to the electrical, particularly in the 
shock received when touched by the hand. 

(2). Conmmnication of Electricity. 

Let a cylinder of glass, the axis of which rests on fixed 
supporters, be made to revolve rapidly by means of a handle 
Attached to the axis. 

D 
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During the rotation, let a silk cushion stuffed with hiuFl 
be pressed in a fixed position against the cylinder, by meanftl 
of a strong and elastic lamina of iron about an inch broadaJ 
to which it is attached, and which at its lower extremity com-'l 
municates with the ground ; the cylinder will thus be i 
electrical by friction. 

Let a hollow metallic cylinder, of which the length is about 1 
three or four times the breadth, be placed on a dry glass sup-l 
porter, and then let one end of it armed with sharp pointSf 
be brought near the revolving cylinder. 

If the room, in which the experiment is made, be darkenM 
streams of light will be observed at short intervals, riishingl 
from the electri6ed glass cylinder to the sharp points, accont^fl 
panied with a crackling noise. 

After this process is continued for a few minutes, let t 
metallic cylinder be removed, holding it by the glass supporterjfl 
it will then be found to possess the electrical properties, 
attracting and repelling light bodies, and in communicatin^l 
a alight shock when touched by the hand. 

Such is the principle on which the common electrici 
machine is constructed, where the glass cylinder render 
electrical by friction has evidently communicated electricity 

to the metallic cyhnder placed near it; and it may be obi 
served that another mctaUic body with a glass handle, would 
by merely touching the former, acquire similar properties. 

(3). Electrical Ififluence. 

Suppose that electricity is produced, as in the precedintfl 
article, and communicated to a metallic globe resting on ; 
glass supporter. Let the globe be then brought near a tbiiia 
metaUic cylinder resting also on a glass supporter, the latteaf^ 
will then be found to possess electrical properties, which may! 
be exhibited by bringing light bodies near its surface, or morel 
simply by suspending at different points of the cylinder, painl 
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of pith balls connected by fine flaxen threads passing over the 
cylinder; the pair of balls which are suspended at the ex- 
tremity of the cylinder nearest the globe, will recede from 
each other through a large angle; those near the middle of 
the cylinder will scarcely have any divergence, but those at 
the middle and beyond, diverge more and more, the nearer we 
approach the second extremity of the cylinder. 

Let now the cylinder be removed from the vicinity of the 
globe, the former will instantly lose all its electrical properties, 
and the balls will return to their natural positions : thus the 
mere presence of an electrised body induces an electrical state 
in adjacent bodies resting on glass supporters, 

(4). Conductors and Nonr^:onductors. 

The metallic bodies, which we have supposed placed on 
glass supporters, are said to be insulated ; for if instead of 
glass a metallic supporter were used, with its lower extremity 
in contact with the ground, the effect of this communication 
would be to deprive the electrised bodies of the properties 
they had acquired, and to restore them to their natural state. 

Let now a metallic rod be insulated and electrised, and 
let a series of insulated metallic rods in their natural state, 
be placed in successive contact with each other; touch then 
the first of the series with the electrised rod, they will all 
become electrical almost instantaneously ; but if one part of 
the series had been a stick of sealing-wax or a glass rod, this 
part would neither acquire electricity itself, nor suffer the 
metallic rods beyond it to acquire any, but would completely 
cut off the communication with the electrised rods ; it is there- 
fore said to be a non-conductor of electricity, and such sub- 
stances are therefore used for insulators ; on the other hand, 
the metallic bodies by which the communication may be pro- 
longed to any extent, are named conductors. 

Metallic substances and liquids are mostly conductors ; 
gums, vitrefactions and dry gases non-conductors ; there is 
however but little probability that there exists any substance 
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which is either a perfect conductor, or an absolute non-con- 
ductor ; thus the glass supporters in the preceding experiments, 
always exhibit some small signs of an electrical state, at that 
extremity which is in contact with the electrised metallic 
body. 

(5). Positive and Negative EleciHcilies. 

Let an insulated metallic globe (A), and a pith ball (a), 
of very small dimensions compared with the globe, and sus- 
pended by a silk string, be both electrised by communication 
with the machine described in Art. (2). In like manner let 
another globe (fi) and another pith ball (fi) be electrised by 
means of a machine, which differs from the former in having 
the revolving cylinder composed of some resinous substance, 
instead of glass. 



[I 

I 



The following phienomena will then occur : 

When the ball (a) is brought near the globe {A), it will 1 

be repelled with great energy ; and in like manner will (6) j 

be repelled when brought near (B). 

On the other hand, when the ball (6) is brought near the! 
globe (A) or the baU (a) near the globe (5), the balls will n 
longer be repelled, but attracted towards the globes. 

The ball {«) and globe {A), in electrising which the glas 
revolving cylinder was employed, are said to be charged with! 
vitreous or positive electricity, and the ball (6) and globe (B) I 
with resinous or negative electricity : the preceding phaanomenft I 
may then be announced by saying that electricities of a lik^M 
kind repel, and of unlike kinds attract. 

If instead of the globe (A) a pith ball (a") of equal dimcn- I 
sions with (a) and similarly electrised, had been used, then the-l 
two balls would mutually repel ; the reason that (A) is appa-^ ff 
rently not repelled by {a) is merely that its mass is so much I 
greater; for if it were also suspended by a fine string, it woul " 
in reality begin to recede from (w) with a velocity which wouldE 
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be to the initial velocity of (a) as the mass of (a) to that of 
(A}, in consequence of the necessary equality between action 
and reaction ; but the action of gravitation tending to restore 
it to its original position, the angle through which it moves in 
the case above considered would be quite insensible. 

When the ball («) is observed to recede from the globe 
(A), we are not to infer that the electricity in (a) being re- 
pelled by that in {A) draws along with it the matter of the 
ball (a) by cohesion to its particles, because tlie conducti- 
bility of the ball renders the supposition of such cohesion very 
improbable ; and it is at the same time obvious, that the phse- 
nomenon would be produced merely by rendering the pressure 
of the electricity against the surrounding air unequal, for the 
air being a non-conductor will not suffer it to escape, and re- 
acting unequally on different points of the surface of the ball, 
would produce the observed motions. 

Note. No very general law has been observed with respect 
to the nature of the substances by the friction of which either 
kind of electricity may be produced ; it is however universally 
true that the rubbing and the rubbed substances always ac- 
quire opposite electricities, from whence the inconvenience of 
the names, vitreous and resinous, as applied to electricity, is 
apparent ; for if two plates of glass or two pieces of resin be 
rubbed together, one of the glass plates will acquire resinous, 
and one of the pieces of resin, vitreous electricity. 

(6). Capacity for Electricity. 

When plates of different substances, but of the same foi-m 
and dimensions, are charged by means of tlie common electrical 
machine, the number of turns made by the revolving cylinder, 
and consequently the quantity of electricity communicated 
, before its escape, which is indicated by the electric spark, 
varies according to the material of which the subtance is com- 
posed, and being found greatest in non-conductors, they are 
therefore said to have the greatest capacity for electricity. 
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The mode of electrising a. non-conductor, as for instance 
a plate of glass, is the following; place it on a conducting 
surface ■communicating with the ground, and also put a me- 
tallic plate in contact with the upper surface ; having charged 
this plate with electricity, remove it by means of insulating 
handles, the glass will then be found strongly charged with 
electricity. 

(7). Electrical Instruments. 

A variety of instruments have been constructed for dif- 
ferent purposes connected with experiments on electricity ; 
as our object is to describe merely the most simple and use- 
ful, we shall take only the Electroscope, Proof-plane, Tor- 
sion-balance, and Leyden Jar, 

Electroscope. A pair of small and extremely light balls 
made of elder-pith and connected by a fine ailk thread taken 
from the cacoon, form when well dried, a simple and useful 
instrument for indicating the presence of electricity ; when 
the string Is held by the middle so that the balls hang to- 
gether and are made to touch a body slightly electrised, they 
instantly both recede from that body, and diverge from each ' 
other ; if they are taken enclosed in a glass cage to the upper 
strata of the atmosphere in fine weather, their divergence con- 
tinually increasing shews it to be in an electrical state, and' , 
even at the surface the same phsenomenon frequently occurs, 
when a cloud charged with electricity moves over-head at B 
small altitude. 

Proof-plane. This useful instrument consists of a very 
small disc of gilt paper attached to the extremity of a good 
insulator, which generally is a filament of gum-lac ; it is ap- 
plied in measuring the intensity of electricity at the different 
points of the surface of a body, for by contact with any point, 
it will take when very small, an electrical charge proportional 
to the quantity of electricity at that point; immediately on 
being removed it should be applied to a delicate electrometer, 
such as that which will be next described. 
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A natural application has been made of this instrument, 
to shew experimentally that when a conducting body is elec- 
trised, none of the free electricity remains in the interior ; but 
the same may be also proved by enveloping the body with a 
conducting cover, as paper, which if composed of two parts 
which meet so as exactly to cover the body, may be put on 
and taken off by means of insulating handles ; if the substance 
be electrised and the envelop then put over it, the paper when 
removed will be found charged with electricity, while the body 
will be completely deprived of it, thus demonstrating that all 
the free electricity resides on the surfaces of bodies, 

T'oraion Balance. Suppose a needle of gum-lac is sus- 
pended horizontally by an extremely fine silk thread perfectly 
unravelled, if we move the needle from its natural position 
in a horizontal plane, the torsion which the thread undergoes 
will tend to restore it to its primitive place, with a force pro- 
portional to the angle of torsion, which is here the same as the 
angle through which the needle is made to deviate ; this angle 
may be observed by enclosing tlie apparatus in a glass cylinder 
round which there is a graduated band in the same horizontal 
plane as the needle. 

Another torsion may be communicated to the thread from 
its upper extremity, to effect which, a graduated brass plate 
to the center of which the thread is attached, moves with 
friction on the top of a smaller glass cyhnder placed on the 
former, and a stationary index will shew the angle through 
which it has turned. 

When both torsions are in opposite directions, the whole 
torsion is their sum, and in the same directions, their differ- 
ence. 

To instance the use of this instrument, suppose a pith ball 
{A) attached to the end of a needle of gum-lac, while another 
(B) is attached to a Jixed insulating supporter, so aa to be in 
contact with the former ; when the balls are electrised, the first 
will be repelled through an angle (id), and if we make the 
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length of the needle a unit, the distance or chord -45 = 2 sin — , 

and the repulsive force, which is some function of this distance, 
may be represented by f{iji)^ while the force of torsion, which 
balances the repulsion and is as the angle of torsion may be 
represented by iww, m depending on the material of the thread 
only ; hence we must have 

wtcy =jr^(tf) cos— . 

Jit 

If now the plate at the top be made to revolve, so as to 
bring (-4) nearer to the fixed ball (5), another position of 
equilibrium will be formed ; and representing the total torsion 
by t and the arc AB in this position of the' ball {A) by 0, 
we have 

Q 

At 

Hence, — = -..i—— 

/(w)cos- 

similarly, for a third position oi A when the arc AB-ff and 
the torsion = ^, we have 

^ /(^)cosf 

ft> . . (Ji) 

f W COS - 
and so on for any number of positions. 

• 

Now since all the quantities ^, t\ &c. and w, d, 9\ &c. are 
measured by the construction of the instrument, we can try 
if any assumed form of /(0) will verify the above equations, 
and from Coulomb^s experiments it appears that when 

f(Q\ = , these equations will be satisfied with remarkable 

•^ ^ ^ vers0 ^ 
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exactness ; but the versed sine of the arc AB is as the square 
of the chord, hence the repulsion of (JB) on the ball {A) must 
be proportional to the inverse square of the distance. 

If instead of the ball (B) the proof-plane above described 
be used, and the arc AB through which {A) recedes be put 
equal to ta, the corresponding intensity of the electricity on 
the proof-plane being «, and on another trial these quantities 
are <o' and *' ; then assuming the law of electric action to vary 
as the inverse square of the distance, we have 

i (£) vers, co' 



ft) vers, ft) 



thus by combining the proof-plane and torsion-balance, we may 
form a very exact electrometer. 

Leyden Jar. Let a glass bottle be lined inside and out- 
side with tin-foil, except a small portion towards the top ; let 
the inside be electrised positively^ by means of a brass chain 
communicating with the prime conductor of an electrical ma- 
chine, and also with the interior foil at the bottom of the jar. 

The positive electricity in the interior will attract and 
therefore detain the negative electricity of the exterior foil, but 
it will repel the positive which will thus escape into the ground, 
on which we may suppose the jar placed ; the exterior foil will 
therefore be negatively electrised. 

If now a communication be made between the internal and 
external electricities, by placing for instance one hand on the 
outside foil and the other on the chain conducting to the inside, 
a smart shock will be immediately felt ; such is the principle on 
which the Leyden jar is constructed. 

■ 

A series of such bottles communicating with each other, 
and with the prime conductor of an electrical machine, and 
placed in g, wooden box lined with tin-foil, constitute what 
is called an electrical battery. 

E 
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(8). Gradual dissipation of Electricity. 

When a body is insulated and electrised, the intensity 
of the electricity rapidly diminishes (particulariy when the 
atmosphere contains much moisture) so as ultimately to be- 
come quite insensible. 

The causes of this loss of intensity are: 

thirst. The imperfect insulation of the body ; for as was 
stated in Art. 4, there is no known substance which may be 
regarded as an absolute non-conductor. 

Secondly, The surrounding air, the particles of which 
become electrised by contact with the body, and then are re- 
pelled by it, while other particles coming successively in con- 
tact with it, carry off in like manner additional portions of 
electricity. 

Thirdly. The humidity of the air which deposit? on the 
insulator small globules of water^ and thus forms a conducting 
chain reaching from the body to the ground: this which is 
the principal cause depends on the hygrometric state of the 
atmosphere. 

When th(B latter cause is avoided, by making the experi- 
ments in fine weather, the loss of intensity in a short interval 
of time due to the first two causes, is found to be proportional 
to the actual intensity ; hence if i be the intensity at any time ty 
and m a constant quimtity depending on the nature of the 
electrised body, we have 

di 
therefore, z = c . e"*" ' ; 



where c represents the initial intensity : hence in equal suc- 
cessive portions of time the intensity diminishes in a geome- 
trical progression. 
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(9). Effects of EhctTicity. 

When a fonducting body is charged with electricity of 
either kind, a pressure due to the mutual repulsion of the 
electrical particles will be exercised against the air which is 
a non-conductor; this pressure is generally different at dif- 
ferent points of the surface of the conductor, but at a given 
point it will depend on the whole charge, and will increase 
with it. If by adding to the charge we increase the pressure 
until it is sufficient to overcome the resistance offered by the 
air, it will escape from the conducting body at that point in 
which it has the greatest intensity. This tendency to escape, 
may be increased by placing another conducting body near 
the former i the natural electricities of this conductor being 
decomposed by injluence, that which is unlike the electricity 
of the charge becomes collected on that part of the second con- 
ductor which is near the first, and by its attraction evidently 
increases the tendency of the electricity in the first conductor, 
to escape. 

The escape of the electricity is indicated by a spark or 
stream of light visible between the conductors, caused by 
the great pressure exercised against the air during the passage 
of the electricity, the velocity of which is immensely great ; 
hut if the electricity be discharged through an exceedingly fine 
wire, the latter will be rendered red-hot, indicating the agita- 
tion of the molecules of which it is composed. 

A similar experiment has been made with long metallic 
bars, and the result has been a sensible and permanent altera^ 
tion of magnitude. 



In like manner, a moderate electrical charge passed through 
fluids contained in narrow glass tubes, produces so rapid an 
expansion of the fluids that the tubes are often burst. 

Water may be formed by passing the electric spark in a 
jar containing hydrogen gas and common air, or oxygen. 
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If a metallic rod, terminated in a iine point, and covered 
with an isolating substance, except at tliat point which is 
in contact with water be electrised, the latter will be decom- 
posed into its constituent gases. 

Many other chemical effects are produced by electricity^ I 
but it will be sufficient here to state that oxygen generally I 
combines with bodies positively electrised, and the combinatioq I 
is favoured by raising the temperature of the body. 

Vegetable as well as animal life may be destroyed by thel 
electric shock, but in the latter instance, more moderate shock».| 
have been applied with doubtful success in such diseases aafl 
nervous contractions, deafness, rheumatism, &c. 

The colour of the electrical spark depends partly on thw 
substance to which electricity is transmitted, partly i 
medium through which it passes; the more distant we pIao*9 
that substance, or the more the medium is rarified, the whit£ 
will be the colour of the spark. When examined by i 
it through a prism, the eSects are similar to those of ci 
light. 

(10). Disunion of Electricity. 

Both the electricities are contained in every known aul>) 
stance, and the quantities of each kind susceptible of develop-! 
ment, when the body is in its natural state, are general^f 
equal. 

If the body is a craiductor, and is brought near anoth^ 
body positively or negatively electrised, its electricities viw^ 
be partially separated and in equal quantities. 

When chrystalline bodies exhibit electricity in consequence 
of a change of temperature, the electricity at one angle or pol6fl 
IB positive, and negative at the opposite one. 

The atmosphere, when pure, is in a state of negative elet 
tricity, the more intense ts we ascend to higher regions, wha 
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its density is less ; but when rendered impure by breathing, in 
a close room, it is found to be positively electrised. 

When a solid body undergoes fracture, or is torn asunder, 
the separated surfaces are found oppositely electrised. 

In the formation of gases and the condensation of vapours, 
electricity is developed ; thus snow and hail, immediately after 
falling, are found negatively electrised. 

Thunder and lightning are eflfects of electricity, and the 
heavy showers of rain which frequently accompany this phae- 
nomenon, may be conceived to be produced by the electric 
discharge, bringing into combination, the oxygen and hydrogen 
gases at that time in the atmosphere, in the same manner that 
those gases when contained in a glass vessel, are combined by 
passing through them the electrical spark. 

Many other meteoric jAaenomena, as the Aurora Borealis^ 
&c. seem referable to the same cause; and some experitaents 
riot sufficiently confirmed, would seem to indicate that even 
solar light possessed some electrical qualities. 



CHAPTER III. 



ON KtECTEICITY IN ITS LATENT STATE. 



(11). Definition of Latent Electricity > 

When a conducting body is taken in its natural state and 
applied to the most delicate electrometer, it will generally 
evince no signs of electricity; but when brought near an 
electrised body its opposite ends will then be found to be 
electrised, the one positively, the other negatively; it will 
however be instantaneously restored to its natural state, by- 
removing the influencing body. (Art. S). The electricities 
which have thus subsided into a state of neutralization, are 
here called latent ; and the mathematical character of. latent 
electricity, is, that the total action of the system on an ex- 
ternal point, is zero. 

(12). Mathematical Signs of the Electrical Forces, 

Conceive a fixed electrical particle P, of either kind of 
electricity, to act on a positive particle p which is free to 
move, let the distance Pp be represented by a?, P being the 
origin, and the right line joining the particles, the axis of w ; 
let p represent the mass of P, and /(^) the law according to 
which the force varies at different distances. Then t repre- 
senting the time, the equation for the motion of p is 

cPa? 

according as the action is repulsive or attractive, that is, ac- 
cording as the electrical particle P is positive or negative; 
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this ambiguity is removed by giving p the sign expressed by 
the name of that kind of electricity, of which it represents 
the quantitative accumulation in P; for tlie second equation 
would then be 

which is the same as the first. 

With this convention, the nature of the action between 
two electrical particles will be indicated by the sign of the 
product of their masses, the sign + expressing repulsion and 
— attraction. 

It is moreover evident that the formula 

extended through the whole of a given system, will not express 
the whole quantity of electricity in that system, but merely 
the excess of the quantity of positive, above that of negative 
electricity. 

The statical effect of an electrical system, which, estimated 
in any direction, is the difference between the effects of all 
the attracting and of all the repelling particles, will by this 
notation be expressed by merely one integral instead of the 
difference between two sums. 

(is). To find the law of force^ tending to or from 

ea^h electrical particle. 

When a sphere is electrised by communication, the whole 
quantity of developed electricity resides on the surface; 
(Art. 7. Proof-plane) and it is evident that its distribution 
there will be uniform ; moreover, it is necessary for the equili- 
brium of the latent electricity in the interior of the sphere, that 
the total action of this external stratum on any internal point, 
must be zero, the system of latent electricity being of itself 
in equilibrium. 
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Take therefore any point P within the sphere, at a dis- 
tance h from the centre O, make the centre the origin, and the 
right line OP joining the given point, and centre the axis of a?, 
and let r be the radius of the sphere. 

Let a section of the spherical surface be made by a plane 
drawn perpendicular to the axis of x^ at a distance w from the 
origin, and let / be the distance of any point in this section, 
from the assumed point P. 

If we take another section made by a plane at a very small 
distance 5(<r), the total attraction of the annulus between both 
sections on the given point P, will be directed in the line OP, 

and be represented by Qwr.fp (/) . — — . Sw, where <b (f) 

expresses the required law of force at different distances. 

But since the whole action on P is zero, we have 

r A i'Vx h — m 
> 9 (/) • — jr- = 0, from a? = -ltoa? = + l. 

Now /* = r^ -H A^ - 2ha} ; 
, df h-w . df h 

df 

therefore, L<t>(f) -^r =^i between the above limits. 

an 

Let 0(/) be the differential coefficient of 0i(/), taken 
with respect to / as variable. 

d , 
Hence— j;9i(/) = 0; 

or, ^//0.(/).f = O, since - = -^. 
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Again, let /0i(/) be the difiisrential coefficiept of i/^(/), 
then observing that the limits of / are T-rh anc) r rf/^, we get 

^{i.>^(r + A),i>/,(r,A)}.0; 
and expanding the functions by Taylor's theorem, 

4h\ dr 1.2. a dr" j 

hence, . — \ i + -. \ ,./ 4- &c. = 0, 

'1.2.3 dr« 1.2.3.4.5 dr» ' 

this evidently requires each term to be separately equal to 
zero ; 

^^^^^ ti = Q> or, ^i^.o. 

Now since ^^^f<p,(f); 

df 

therefore, ^=<^.(/)+/^ 

<p^(/) d<i>,(f) a'<i>,(f) 

df " d/ ^■' df 

substituting this value, we have 

and integrating log (/) = log {A) - 2log (/), -4 representing 
a ponstiuit quantity, 

hence 0(/)=-s> 

that is, the force varies inversely as the square of the distance. 

F 
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(14). If a, be the distance of any point P from a Jixed 

p^vnt O9 and V represent the ^um of all the molecules of an 

electrical system when divided by their respective distances 

from P, the action of the whole system on V in the direc- 

dV 
tion OP will be represented by 3—. 

da 

Make the fixed point O the origin of co-ordinates, and OP 
the axis of j? ; let / be the distance of any molecule from P, 
Sm the bulk, and p the density of this molecule, and a?, y, z its 
co-ordinates ; then since 



/={(a-^)« + S^ + ^}*, 



therefore. 



(7) 



d 

a -x 



da \(a ^ aif -\- y^ -ir st^\^ 

a — a? 

1 o — a? 

Now the force exerted by this particle on the point P in the 

d5 m 
direction of/, is represented by ^---7^ — j which being resolved 

in the direction of the right line OP, gives 

pom a '— w d fpo't 



^ a /pdm\ 

" d^ kt) ' 



r f da\ f 
the density p being a function of the co-ordinates a?, y, x only. 

ohm 
But since V is the sum of all the quantities ^-— extended 

throughout the entire system, therefore, the total action on P 

dV 
in the direction OPj is evidently represented by -—-, 

da 
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(15). When electricity is latent in any body, the quantity 
of positive electricity contained in the body^ is equal to that of 
negative. 

Let r be the distance of any external point P, from a 
fixed point O taken within the body. 

Make O the origin of co-ordinates, and let be the angle 
which OP makes with the axis of w, and <f) the inclination of 
the plane in which lies to the plane of of y. 

Again, let p be the electrical density at any point p, within 
the body of which the polar co-ordinates measured in like 
manner, are /, ff^ <f>'. 

Then since the cosine of the angle p OP included between 
r and r' is evidently cos0 co^ff + sin0 sin0' cos (0 - 0'), if we 
represent the distance Pp by/, we have 

— = |r'^ - 2r / [cos0 co^ff + sin0 sins' cos (0 - 0')] + r*} "i 
1 r' r'* 

= — {Qo + Qi - + Q2 . -J + &c. }, 

r ^ r r ^ 

adopting here the notation used in Prop. viii. 

Also since the mass of the electrical particle p is repre- 
sented by pr^^^wiff . 5/ 50' 50', it follows that the whole action 
on P in the direction OP^ is, by Art. (14), 

|:{j5'/e'A'f>»^«in^ (v + Q.^ + Q.^ + &c.)}, 

which must be equal to zero since the electricity is latent; 

1 r' r'^ 

hence, -{ir'k U' f'^'^ sin 0' (Qo + Qi - + Qa— + &c.) ] = c, 

c being a quantity independent of r, and since P is only 
limited to be an external point, we may put r = 00 , which 
gives c = 0. 
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Suppose now the integratione actually performed, puttmg ; 

B = Pffff^-Q,pr''sine', 



and the integrals being extended throughout the entire system, 
we obtain thusj 

A B C ^ 

- + 3 + -^ + &c. = 0, 

which requires A = 0, B = 0, C = 0, &c. 

Now since Qg = 1, it is evident that A is the excess of the j 
quantity of positive above that of negative electricity in the ] 
entire system, (Art. 12); hence, when the electricity is latent* 
those quantities are necessarily equal. 

Note. Though the quantities of both electricities must j 

be equal in the latent state, this condition alone is not sufEcient I 

to produce that state, since there are besides an infinite number \ 
of equations, B = 0, C = 0, Sic. also to be satisfied . 



(l6). To jind the law of the distribution of latent elee- 
tricity i/n an indefi?titely thin rod of any material. 

Take the length of the rod as a unit, and let t he the I 
distance of any point (p) in the rod, from one extremity, anti I 
A the distance of a point (/*) in the direction of the rod pro- j 
duced from the same extremity; and therefore, h — t will be j 
the mutual distance of both points. 

Let p be the electrical density or accumulation at the point J 
p, then since the electricity is latent, the total action on the 1 
external point P, is zero ; and consequently if each electrical f 
particle be divided by its distance from P, the sum of the ( 
quotients is constant (Art. 14), if moreover we suppose P aij 
an infinite distance, it is evident that this constant is zero. 
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Hence, / , ^ = 0, from ^ = to ^ = 1 ; 



that is, ^p(^ + ^2+^ + 8^c-)=^' 

which requires that we have, separately, 

^f> = 0, ftpt^O, fipf^O, &c (a). 

The number of equations which it is necessary to satisfy, 
is therefore infinite ; we may first suppose that they are only 
n in number, and then put n = do . 

If we make 1 — ^ = #', as in Prop, i., and refer to the rea- 
soning of that proposition, it will be obvious that ^^'^ is a 
factor of the n^ integral of p^ with respect to ^ ; all the suc- 
cessive integrals commencing when ^ = ; if the other factor 
which remains arbitrary and can depend only on the physical 
constitution of the rod, be called T, then we have 

and when we make n infinite, this quantity expresses the law 
of the electrical distribution. 

It is evident that with this arrangement, the electricity will 
be latent with respect to all external points, whether in the 
direction of the rod produced or not; for the reciprocal of 
the distance of the point p from any such external point, may 
be expanded in a series of the form 

Aq + Alt + A^f + &c. ; 

and when we multiply by p and integrate, the result is zero I^ 
the equations (o), which p has been made to satisfy ; hence, the 
total action must also be nothing. 

Corollary, Suppose the above value of p expanded in a 
series of the form 

©oPo-f aiP, + «r2^2+...--c^«-i^n-i + «n^ii + &c. by Prop. vr. 
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then it is evident by the equation (a), that when multiplied 
by Pni and then integrated from ^ = to ^ = 1, the integral 
must vanish when m<w, since the terms of which P^ is 
formed, consist of powers' of ^ less than the n^\ but by Prop. iv. 

the same intes^ral is equal to , hence a„ = 0, and conse- 

quently we have 

that is, the electrical distribution in a rod of any material, may 
be conceived to be formed by the superposition of several 
systems of which the general type is P„, when n is indefinitely 
great. 

(17). When electricity is latent in a straight rody there 
are an indefinitely great nvmber of points at which the elec- 
tricity is neutral. 

The equation Tt^t'"" = 0, when solved with respect to ty 
has n real roots each = 0, and n real roots each = 1 ; and it 
may have more real roots due to the real factors of T. 

Hence the limiting equation 

has (n — 1) roots each =0, (w — l) roots each = 1^ and at least 
one real root between and 1. 

Similarly the equation 

has {n — 2) roots each = 0, (n — 2) roots each = 1, and at least 
two real roots between and 1. 

Continuing this process, it follows that the equation 
has at least n real roots between and I. 



t-ATBTJT STATE. 



Now this last equation determines the positions of the 
neutral points, for at such points we must have p = ; and 
since n is an indefinitely great number, and the length of 
the whole rod being comprehended between ^ = and i = I , 
it follows that there are an indefinitely great number of neutral 
points ranged along the rod. 

(18). To trace the distribution of latent electricity re- 
presented by the function P^, n being indefinitely great. 

The equation P„ — 0, which is of m dimensions with respect 
to t, has all its roots real and lying between the limits and 1 :, 
{Art. 17-) let them be represented by ;,, t^, t^.-.t,, where (i is 
the least, and the remaining roots are arranged in the order 
of their magnitudes. 

The points at which the electrical accumulation is a maxl- 

dP 
mum, are defined by the limiting equation — -^ = o; the roots 

of which lie between the roots of the equation P, = 0. Let 

Tn i"s, T3...T-„_i represent the values of t at those points. 

The order in which all the preceding quantities stand with 
respect to magnitude, is evidently the following: 

Conceive now the electricity positive at one extremity of 
tlie rod where t = n, the corresponding value of the electrical 
accumulation P„ is then represented by + I , from whieh point 
it diminishes so as to vanish when t = t,, after which the elec- 
tricity becomes negative, and increases in intensity until t = T^i 
it then diminishes and vanishes a second time, when t = 1,.; 
the electricity after this becomes again positive, and so on ; 
it is therefore on the whole disposed in n successive portions, 
containing alternately the positive and negative electricities : 
and since P, is the coefficient of h" in the expansion of 

{i -2A{l -2^) +h^\-i, by Prop. Ii., 
and therefore when / = 1, is the coefficient of h" in (l + A)~', 
it follows that the electrical accumulation at the second 
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extremity of the rod, is the same in quantity as at the first, 
but of the same or of a different name, according as 9» is 
even or odd. 

If we denote by P', the electrical accumulation when we 
put for t its supplementary value 1 — ^ or ^, then we have 
by Prop, I., 

" 1.2.S...n* df 

hence, P^^ = (- l)» . P„, 

that is, the electrical accumulation is the same in quantity at 
any two points equi-distant from the middle of the rod, but 
is of the same or of different names according as n is even 
or odd« 

Again, if we put t ^ f = ^ in the second expansion of 
Prop. V. we get 

Now the quantity between the brackets is the part which does 
not contain h in the product, 

that U, in (1J1^;(L±^"; 



it is therefore equal to the coefficient of A" in (l — A^)*, and 
consequently is zero when n is odd, but when n is even, its 
value is 



n(n^l)...Q-^lj 



n 

2 
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i*, is therefore also zero when »i is odd, but when « is e 
its value is 

^ m(m- 1)(w-3)...i i.2.3...n 
3'' j 7. 

1 .23.,.- 



(2.4.6...n)' 



1 .3,3.5.5.,.(»- l)(n- 1) „ 

hence, -i— — ^ i=n./*., 

and making n indefinitely great, we get 

where tt is the semicircumference of a circle of which the radius 
is unity : the electrical accumulation at the middle of the rod 
is therefore zero when n is odd, but when n is even, it is to the 

accumulation at the first extremity as -y/ I — j ; 1 ; and it is 



positive or negatii 
4m + 2, m being i 



arding as n is of the form 4in i 

I integer. 



Though the total quantity of positive electricity is equal 
to that of negative, (Art. 15.) and the whole is arranged in n 
successive cumuli of alternately positive and negative electri- 
cities, these cumuli are not to be regarded as equal to each 
other, but the first positive cumulus is equal and of a con- 
trary name to that portion of the second which is terminated 
at the point of maximum intensity, the remaining portion of 
the second is equal and of a contrary name to that portion 
of the third, which is terminated at the point of its maxi- 
mum intensity, and so on; for by Prop. vii. Cor. 1, JtP„ 
vanishes from ^ = to t = t,, from ^ = t, to ^ = t, , and gene- 
rally from t = T„ to ( = T-„ + 1 . 

To determine the points of maximum intensity along the 
rod, suppose that we take its first extremity as origin, and 
G 
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construct a curve in which the abscissa x is taken equal to t, 
and the ordinate y = Pn^ this curve will cut the axis of w 
at the n neutral points, and the ordinates will express both 
in magnitude and name, the corresponding electrical intensities ; 
in like manner let the curves y = Pn^i9 y" = -Pn + i ^^ con- 
structed; if from the intersections of the two latter curves 
perpendiculars be let fall on the axis of w, they will deter- 
mine the points of maximum intensity. 

For by Prop, v., we have 

"11 1.2 1.2 

hence, 

n-l n (n-l)(n--2) n.(n+l) 

i^„_i=l .— .TH — . .r— &c., 

11 1.2 1.2 ' 

and 

»+l n+2 ^ (n+l),n (w+2) (n+3) 
P«^i«l-^-.-p.^+-^^^. — .^-&c.; 

therefore, 

^«-i-/'«+i=2(2n+l) {^---. -— .- 

112 

+ \ T • ^ &C. > 

1.2 1.2 3 ^ 

=2(2n+l).JJP„ commencing when ^ = 0, 

but at the points of maximum intensity /P„ = by Prop. vii. 
Cor 1., hence at those points 

Pn-l = Pn+l or !/=:»"; 

they are therefore defined by the intersections of the above 
mentioned curves. 

The n neutral points are indefinitely near each other, for 
whatever order of magnitude P„ belongs to, P,_i and P„^i may 
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-■P-+1 



be considered of the same order, and since [.P, = , 

ftPn . I 

it follows that -=— is of the order — ; but in the portion of 

/*, ' n '^ 

the curve of electrical intensities between the neutral points 
where nr = t„ and a'=t„ + i, this quotient is evidently of the 
same order as the difference t„+, - 1„, hence the distance be- 
tween two successive neutral points is of the order — , they 

are therefore indefinitely near each other, and the extreme 
neutral points are indefinitely near the extremities of the rod. 

Suppose now the curve of electrical intensities to revolve 
round the axis of w, the content of the solid generated is 

expressed by ir f,!", from t = to ^=1, that is ; this 

^ J J- » 3« + l' 

solid is composed of n small solids of revolution, of which the 
axes are bounded by the neutral points; each of these ele- 
mentary solids is therefore of the order — , and since its axis 

is of the order — , therefore its principal section at right angles 

to the axis is of the same order, hence the corresponding value 

of P„ is of the order —^ ; in fact the ordinate at the middle 
Vn 

of the rod has already been found e<jual to -^Z f — j . 

Corollary. The most general form of the electric distri- 
bution when latent, is produced by the superposition of several 
systems of which the type is P„, the number of neutral paints 
remains indefinitely great, the quantities of the opposite elec- 
tricities are still equal ; but if taken in equal pairs, beginning 
with the first cumulus, they will not necessarily be bounded 
at the points of maximum intensity ; lastly, the names of the 
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I 



electricities at the extremities of the rod will still depem 

the circumstance, whether n is an odd or even number ; for if j 

as in Prop, ii., we form the equation 

u = t + hu (l —u); 

and if we represent by U what T becomes when t is changed j 
into M, we get by Lagrange's Theorem, 

LU=CT + hTtf + — .^.iT ft") + kc. 



hence the accumulation 



;./.f7< 



' dt ' 



that is. 



is the coefficient of h" in | 
(I 



Now if A, B are the values of 7", when t is put equal to and 1 
respectively, then since the corresponding values of 7i are i 
and 1, we get for the accumulations at the extremities, the j 
respective coefficients of A" iii 



-2A + A'f 

that is, A and B{ 






I 



whatever, therefore, may be the proper signs of A and S, I 
the similarity or dissimilarity of the extreme electricities will I 
be affected by the circumstance of n being an odd or even' J 
integer. 

(19). To Jind the law of distribution of electricity on I 
a spherical surface, so that the total action on external pmnta I 
may vary as any inverse power of the distance from the \ 
centre, higher than the second. 

Make one extremity of the diameter the origin, and let p j 
l>e the electric accumulation in the section made by a plane I 
perpendicular to this diameter at a distance 2 at, a being f 

ihc radius of the sphere, the corresponding annuluh is -iTrQ'' - Bti 
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and if )3 be the distance of any point P in the produced 
diameter from the cnrigin, its distance to any point in the 
annuluis is 

hence, the value of V (Art. 14.) is in this case expressed by 

4iirc?p 



r 9irarp 



let the required accumulation on the same annulus be exr 
panded in a form 

p = aoPo + aiPi + a^Pi + OsPs + &c. ; 

hence, F= -^ {a,--.^ + -.^ - -.jg, + &c.} , 

whence the force on the point P tending from the centre 

hence if p^a^Pn^ 

(-1)«.(/H-1) a^.d!"''' 



the force on P = — 4'7r. 



2W + 1 * /3»+* 



CoE. 1. The value of V for internal points, is 



18 



4ir«^ {Po - Pi .- + Pa .^r - &c} • ««^- 

a a 



47ra(-l)«.On /?' 






2» + l a* 

and therefore, the force tending from the centre, or + 



dV 
is then 

2w + l * a""* 



5+ 



Cor. 2. The law of electrical arrangement in this in- 
stance is such, that there are n neutral lines on the surface 
dividing it into n + 1 portions, which contain alternately the 
opposite electricities ; and since the surface of a spherical 
annulus is proportional to the mutual distance of the planes 
hy which it is hounded, it is obvious from the reasoning of 
the preceding article, that the quantities of the opposite elec- 
tricities contained between one of the neutral bnes and the 
adjoining lines of maximum accumulation, are exactly equal; 
lastly, the poles will be of the same or opposite names, ac- 
cording as n is even or odd. 



Cob. 3. If ^ 
type is P., as a„f 



superpose several systems of which the 
a, P, + a. Pa -t- &c. , then the action will be>; 



for internal points 



and for external points, 

-4jr Jlu-T^ -7^ + — -777 — & 

and if we take only those systems in which n is 
great number, then the actions are respectively, 



I 



indefinitely 



_2v- 



■/■ 



and —iir I 



the sign / denoting a rational and entire function; and since 
for external points f-^j , and for internal points l^j 
are indefinitely small, the arrangement is then proper to a 
system of latent electricity endowed with opposite poles, or 
symmetrical with respect to a diameter. 



(20). To Jind the action of the electrical system repre- 
■■uted fit/ P„, on nnfi point. 
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In the preceding article the system is arranged symme^ 
trically with respect to the diameter passing through the 
point acted on; let now P be a point not in this line, let ft 
be its distance from the centre, ff the angle formed by the 
right line ()3) which joins the centre and the point P, with 
the above diameter, and (p' the inclination of the plane in 
which the angle ff lies, to a fixed plane. 

In like manner let a, d, <l> be the polar co-ordinates of 
any point p in the spherical surface where the accumulation 
P„ is a function of 0, and a is the radius of the sphere; 
and putting cosO = ^y, we have 



P 

when D equals the distance Pp; 



r ra^Pn 



.-. ^=W- 2a)3 [cos0 COS0' + sine sin0' cos (0 - 0')] + /3'} "* 

put fi ^ ha, and adopting the notation of Prop, viii^ we have 

1 1 
-yj = — |Qo + QiA + Qih^ + &c.}, for internal points, 

and — = — IQ0 + -7- + TJ + &c. I , for external points. 

Let P'^ be the value of P„ when ff is put for 0, then 
by Prop. XII, we have 

fyU^nQm-O whcu i» IS Hot cqual to », 
and /y^P„Q„ = ^^./>'„. 

Hence for internal points, we have 

J^TTO^ . 47r p, ^ 

2n+l 2n+ 1 a"-^ 
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and for external points, 

dV 
and the corresponding forces which are represented by -— r , are 



2W 



;^--(!r- 



.„d .l5i(^ii).» '-^"- 






2n+l V/3 

that is, the electrical force follows the same law of variation as 
before, but the intensity is different in different diameters, and 
is always proportional to the electrical accumulation at the 
extremity of the radius which passes through the given 
point. 

CoR. 1. The values of V are both independent of 0', 
hence .there is no force tending to move P out of the plane 
passing through that point and the fixed diameter, with respect 
to which the distribution is symmetrical; but in this plane, 
beside the force tending to or from the centre, there is another 
perpendicular to that direction, tending to move P circularly 

for mternal points, . -—-r • — > 

and for external, — — . , ■ . ( -^ ) , 

' 2W+1 dff V/3/ ' 

both of which for points near the surface tend in the same 
direction. 

Cob. 2. If a series of conical surfaces which have their 
common vertex at the centre, be drawn through the neutral 
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lines, there will be no action on any points in tham, tending 
to or from the centre; one of the surfaces is a plane passing 
through the centre, perpendicular to the axis of the sphere, 
when n is odd. 



If another series of conical surfaces be drawn traxa the 
same vertex through the lines of maximum accumulation, 
there will be no action on points in these surfaces, which 
would tend to turn them round the centre ; one of the sur^ 
faces is a plane when n is even. 



CoR. 3. When n is indefinitely great, then 



SI 



for 



ext»ior points, and I— j for interior points, are indefi- 
nitely small, hence, the electricity with the distribution re- 
presented by P„, is completely latent; it is therefore also 
latent when any number of such systems are superposed. 

(21). To Jind the action of the latent electricity in an 
indefinitely thin spherical shell, on points e.vtremely near 
the surface of the shell. 

First, suppose the electricity symmetrically arranged with 
respect to an axis, that is, to be endowed with poles; the 
acciunulation at any point, is then represented by 

a«i*- + a,+,P,+i + a.*./'„+s -t- &c., 
n being indefinitely great, using the same notation as in the 
last article. 

Hence, for any external point, if P",. is the particular value 
of P„ at the extremity of the radius drawn from the centre 
to that point, we have 



/3'(2n + i ■ 



s^'- 
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and for internal points 






+ r^^.^r.n.. + &c 



}■ 



Let Fj <p be the forces which result from the first value of 
Vy tending respectively fronhj and ratmd the centre of the 
sphere, jPi, <f>i the corresponding forces due to Fi, we have 



2w + 5 
^ I n a 






IP /y f ^ a ly W+1 jy 



2n + 5 a 
a- f 1 a» dP' 



w + 2 /^ ly £ 

• — • ^11+2 -* u+8 + &^ 



•}• 



/3"f 1 o dp, 1 dP',+1 ^ \ 

Let now A represent any finite distance of an external 

point from the surface of the shell, then — will be the distance 
^ n 

of an external point which is indefinitely near the shell ; '^ will 
in this case be equal to a H — ; 



a" / AX"" -^ 
and therefore, 7r:={lH- — =6 **^ 

p" \ nal 
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«Qce n is indefinitely great; also will be s ^^ 

a 
-^=: 1, &c. 

Hence for external points, at a distance — from the shell, 

n 

we have 

_A . 

jF« - 2ir€""a {«»P'« + a«+li^n+l + W«+2i^n+2&C.| 

Now the part between the first pair of brackets, expresses 
the electric accumulation at that point of the spherical surface 
which is directly under the point acted on ; represent this 
accumulation by A\ we then have 

_A 

for external points /* = — Q'jrA' . e" « 

^ 27rdJ' -^ 

Similarly for internal points when (i^ a , 

A 

^i = 27rJ'€"« 
^ 27r dJ' ^^ 

If now we suppose the system to be no longer symme-^ 
trical with respect to a diameter, but to result from thcf 
superposition of several systems, having different poles, it is 
evident that the whole accumulation at any point, will be 
the sum of the accumulations due to each system, and the 
total action will be the sum of the separate actions, when 
estimated from the centre; we shall therefore still have 
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A 

denoting now by A* the total accumulation on that point of 
the surface which is directly under the point acted on: but 
the forms of the expressions for the forces tending to turn 
the point round the centre in any plane, are to be estimated 
by decomposing in that plane, the force due to each separate 
system ; and summing them, they will still be of the form 

27r -^ 

27r -^ 

^ = — .^1.6 « » 
^ n 

Ai being a function of the co-ordinates of the point on ih& 
surface, immediately under the paint acted on. 

Note. Though the expressions for A, 0i contain a factor 

— they are still of the same order with respect to magnitude, 

as J^, jPi ; in fact, if we take the elementary system expressed 
by a„Pn> WG have 

Now it was shewn (Art. 18.) that P^ is of the order 

1 (P 1 

—r , and ^-^jTf^ is of the order - ; hence, JjP'- is of the order 
n^ Jrn n '* 

— , and since by Prop. vii. 

nin-itl) dt * 

dP^ dp 

hence —y^y and therefore also — -^ is of the order n\; 
at dff 
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hence, ^ is of the order ■ 



that is, unity; therefore, 



I 



the ratio of d) to f in the system resulting from superposition, 
will also be finite in general. 

Corollary. From the preceding investigation it follows ; 

1. That the action of the latent electricity of a spherical 
shell, on points directly above the neutral points, tends solely 
to turn them round the centre. 

2. That the actions on internal and external points, situ- 
ated in the same radius, and equidistant from the shell, are 
equal and contrary in the direction of the radius, and equal and 
like in any given direction perpendicular to the radius. 

3. That if a point be supposed to move parallel to the 
surface and extremely near it, it will be acted on alternately by 
attractions and repulsions, as well as by other forces tending to 
drive it alternately backward and forward ; and the intensity 
of the iirst set of forces at a given distance, is proportional to 
the electrical accumulation at the point immediately under that 
acted on. 

(22). To ^nd the action of the latent electricity of a 
plane surface on points indefinitely near it. 

Make the radius a, infinite in the expressions obtained in 
the last article ; the action tending to or from the surface on 
any point, becomes then ^vp, where p is the electrical accu- 
mulation at the point of the plane surface immediately under 
that acted on, it is therefore the same as the action of a plane 
of indefinite extent, endowed with an electrical accumulation 
uniformly equal to p, on a point situated at a finite distance 
from the plane. 



I 



IsD an action 
points situated 



parallel to the surface, and 
same normal 




I 



indefinitely small distances from the plane, and this ie the only- 
force which acts on points taken directly over any neutral 
point. 



Remark. The molecules of electricity in the latent stal 
are not to be considered in a state of absolute rest, for they' 
are acted on by finite forces, but which rapidly pass from 
positive to negative; the nature of the accumulation at auy 
instant, ought however, to be such as to satisfy the conditions 
that the total action on points sensibly remote, may be insen- 
sible ; their motions would however, be restricted by the co- 
ercive powers exerted on them, by the material molecules of 
which the substance is composed. 



m 



The elementary system of electrical distribution repre 
sented by a,P^, produces by Art. 20; an action i 

ingly near points represented by 2Tr»,P'„e «; and that this 
may be a finite force, », must be of the order n', since P"^ ig 

of the order — r, there will also be n neutral circles on the' 

sphere in this system, the distance between two such conae^, 

cutive circles being of the order - ; and therefore, the eleo^j 

tricity of one kind which is accumulated on the intermedial 

annulus is of the order ni x —rx—, that is, of the order 
n' n 

therefore the whole quantity of either kind of electricity in the' 
entire indefinitely thin shell, is finite, and consequently the 
whole quantity of latent electricity in any solid sphere, ia 
infinitely great ; and if it be such for a sphere, it will obvi- 
ously be also infinite in any body whatsoever, hence, all bodies 
may be conceived in their natural state, as containing an inex- 
haustible quantity of both electricities in a state of neutraliza- 
tion ; and therefore, the simultaneous addition of equal but 
finite quantities of both electricities, will cause no difference in 
such phenomena as are due to the action of latent electricity. 



I 



CHAPTER IV. 

ON ELECTKICITY IN A FltEE STATE. 



(as). Definition of Free Electricity. 

When electricity of either kind, (as for instance positive)^ 
is produced by any of the methods mentioned in Art, 1, and 
communicated to a perfectly conducting body, the total quan- 
tities of electricity, positive and negative, will be rendered 
unequal; but we may abstract from the consideration of the 
latent electricity, by conceiving the communicated electricity 
so distributed that the action on any internal point may be 
zero; this emcess of either kind of electricity in bodies per- 
fectly conducting, is called free, and will be equally shared 
by two perfectly conducting bodies of exactly the same form, 
when one of them is electrised and made to touch the other, 
50 that the point of contact is similarly situated in both. 
Hence, free electricity differs from latent, in being continu- 
ous; that is, it does not at infinitely small distances pass 
from positive to negative, and as the action of the latter on 
all external points must be zero, in order that it may be 
latent, the action of the former on all internal points must 
also be zero, that its equilibrium may be permanent. 

(24). i/" X, Y, Z represent the total forces in the 
direction of the co-ordinate axea, exercised by a system of free 
^iectrioity on any point P where the electrical density is p, 
' and of which the co-ordinates are x, y, z, then shall 



dX dY 



dZ 



Let a plane be drawn parallel to that of xy at a very small 
distance x, from P, and another in the same direction at a distance 



6i 
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a from the former, so that the point P lies in the solid bounded 
by both planes ; if we suppose a exceedingly sinall, the parts 
of this solid in the vicinity of P, may be regarded as having 
the same density p, and the actions of this solid parallel to 
the bounding planes, is infinitely small compared with that 
which is perpendicular to them, since the force varies inversely 
as the square of the distance, and the density may be regarded 
as uniform for an extent along either of the bounding planes 
indefinitely greater than «i , denote therefore by Zi , the whole 
force of this solid tending to increase » ; then since 2 tto ex- 
presses the attraction of a plane of which the density is p. 
therefore the point P is attracted towards one plane with 
force SwpHi, and towards the other with a force S-7rp(a — s:,')f 
we get hence 



«,)> 



. dZ, 
, b being the distance of the lower plane &om 



..(1), 



since « = ft 
the origin. 

Let now a, ^, •/ be the co-ordinates of any point in the 
solid below the lower plane, p' the corresponding density which 
is a function of those co-ordinates, and X', V', Z' the forces 
resulting from this solid; 

f'('-°) 



1 



hence, JC' = J J j 

■■■ — - f f f 



p i-g(- 



")'+<J-/3)' + («-7)'l»' 
■)' + (!l-/3)' + (»-V'}. 



»)' + &-«' 



iY' 



(i - if 

dli 

dx 



and none 

of these integrals will pass through co , since this solid does 
not contain the point /*; and adding the three differential 
coefficients thus obtained, we have 
dX' dr dZ! 

rf.T lit/ dsr 
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In like manner if X'\ Y\ Z" be the forces on P, due 
to the solid above the upper plane, and tending respectively 
to increase tV, y, x^ we have 

dX" dT' d7!' ^ ■ 
dw ' dy d« 

having thus considered separately the three portions into which 
the solid has been divided , it is evident that 

X^X'^X'\ 

Y^T ^^ Y\ 

Z^Z'^Z'*^Z^^ 

and adding the equations (l), (2), (S), we have 

dX dY^ dZ^ _ 

dx dy dz ' 

CoroUary, When the point acted on is without the system, 
it follows that 

dX dY dZ 
div dy dz 

since in this case, the density of the solid endued by the 
parallel planes, is zero. 

(25). All the free electricity with which a conducting 
body is charged^ resides on the surface only. 

For if there were free electricity at any internal point P, 
if we represent its density by p^ we have by the preceding 
article, 

dX dY dZ 



+ 3 1- -T— + 4>7rp = 0. 



dx dy d 



But for all internal points, X^ Yy Z must be each zero; 
therefore, /o = 0, that is, the whole free electricity resides upon 
the surface, where its escape is prevented by the atmosphere, 
which when dry, is a non-conductor, and against which the 
electricity exercises a pressure. 

I 
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(26). When an eleclrised body is surrounded hg at^ 
non-conducting medium, the pressure sustained by that me- 
dium, is proportional to the square of the electrical accumu- 
lation, at each point of the surface of the body. J 

The electrical stratum which is prevented from escapin^l 
by the surrounding medium, lies on the surface of the bodyj ■ 
and may be conceived as extending through an exceedingly 
small breadth into the interior ; and since its interior surface 
is free, the resultant of all the forces which act on any point 
on that surface, must be directed in the normal ; but with 
respect to the exterior surface, the tangential forces acting on 
a very small canat taken arbitrarily along that surface, make 
equilibrium with the difference of the pressures at the extremi- 
ties of that canal, which being very small, the tangential force 
at any point is evidently a very small quantity of the second. _ 
order, these forces in estimating the normal pressure, majj 
therefore be disregarded. I 

Take therefore the normal at any point of the interior 
, surface as axis of x, and the point at which it meets the ex- 
terior surface as origin, and representing by p the electrical 
density, and neglecting very small quantities of the secon4 J 
order, we have by Art. a+, 

dX 

-j— + 4jr/3 = 0; 

and by the equation for the equilibrium of fluids, if p represeati 
the pressure at any point at a distance .v from the origin^ 
we have 

dp ^ 



dw 



-^U 



■iWM^ 



but at the interior 
which the integrals 
limits 



■face X =0, and at the exterior from 
'■■> fip = 0; therefore, between the^ 
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mM^ 



putting n 



I for — - — its value — 4i 



p, and integrating, we have 



but J^jO taken between the proper limits, is the accumulation 
of electricity on that point of the eurfate, therefore the pres- 
sure is proportional to thi' square of the accumulation. 

(27). To Jind the elertrical distribution on 11 conducting 
body of a spherical form. 

Let E be the whole quantity of free electricity communi- 
cated, then, »ince the body is perfectly symmetrical, the elec- 
tricity will be spread uniformly on the surface, and will then 
be in a state of permanent equilibrium, since the total action 
on any particle of the latent electricity in the interior will then 
be evidently zero ; hence, if a be the radius of the sphere, the 
surface is iira", and consequently, the accumulation of clec- 



bicity at each point is 
surrounding medium is 



E 



md the pressure against the 



and therefore, for equal spheres, it is proportional to the 
square of the total electrical charge. 

(28). To Jind the distribution of free electricity on the 
urface of a paraboloid of indefinite extent. 

Conceive an interior paraboloid exactly equal to the 
' former, and having its axis in the same direction with the 
axis of the first, but its vertex at a distance a below it, if 
the intermediate space be filled up with homogeneous matter, 
the particles of which attract with forces varying inversely 
sw the square of (he distance, the tiitaj atlrailion on any in- 
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ternal point 1", will be zero, for if we draw a[iy chord through 
P, terminated at both sides by the exterior paraboloid, the 
diametral plane passing through this chord, intersects both 
surfaces in parabolas, which are respectively equal to the 
generating parabolas, and therefore also to each other; the 
chord which lies in the plane of these parabolas, is the double 
ordinate with reference to a common diameter in either, there- 
fore the portions of the chord intercepted at opposite sides 
lietween both aurfacea, are equal; if therefore, an indefinite 
number of such chords be drawn through P, forming two > 



opposi 



)nical surfaces containing a v 



mall vertical a 



the attractions of the opposite intercepted frusta arc equfd 
and in contrary directions, and therefore mutually desi 
each other; thus the effect on P of any element of the b 
intercepted between the two surfaces, is destroyed by tfa) 
iiction of an opposite element, neglecting the action of i ~ 
element which is at the extremity of the diameter passinj 
through P, and being of the same order as that element / 
infinitely smaU. 

Hence, when the electrical accumulation at each poinj 
of the given paraboloid is proportional to the normal breai" ' 
of the stratum between both surfaces, there will be no at^^ 
tion on any interior point P: now this breadth is inversely" 
proportional to the perpendicular from the focus on the tangent 
plane; the pressure against the surrounding atmosphere is 
therefore inversely proportional to the square of this perpen- 
dicular, that is, the pressure at any point varies inverseli. 
as the distance of that point from the focus, and is thcrefoi 
greatest at the vertex. 



(29). To find the distrihuHon of free electricity i. 
surface of an ellipsoid. 

Conceive another ellipsoid similar and concentric witli the 
former, and having its principal axis in the same directions 
with those of the given ellipsoid, to be inscribed, and let the 
intermediate spaee be filled up with homogeneous matter, tlit 
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particles of which exert forces varyiug inversely as the square 
of the distance; then it is easily proved as in the preceding 
article, that the total attraction on an internal point is zero, 
and consequently the proper distribution of electricity must be 
such that the accumulation at each point is as the normal 
breadth of this stratum, that is, as the projection of the part 
of the radius vector drawn from the centre, and intercepted 
between the surfaces, on the normal; now, by similar figures, 
this will be proportional to the projection of the radius vector 
itself, on the normal, that is, to the perpendicular from the 
centre on the tangent plane, and the pressure against the 
atmosphere is therefore as the square of this perpendicular, 
and consequently at the extremities of the principal axes, it 
is as the squares of the axes themselves. '.' 

Cor. I. Let the ellipsoid be a prolate spheroid, and di- 
minish indefinitely its axis minor, the axis major remaining 
constant, it will then be a rod of which the breadth is every 
where inconsiderable, but at different points varies as the mean 
proportional between the distances from both extremities; the 
tangent plane al any point not very near the extremities, is 
very little inclined to the axis major, the electrical accumula- 
tion, therefore, on points near the middle of the rod, is very 
small, and nearly uniform; but the pressure against the at- 
mosphere at either extremity, is to that at the middle of the 
rod, as the square of the axis major to the square of the 
axis minor, it is therefore incomparably greater at the ex- 
treme points of the rod than at the middle, and consequently 
when the rod is surcharged with electricity, the spark will 
proceed from one of the extreme points, and the least cir- 
cumstance will be sufficient to decide from which extremity 
of the rofi the spark will emanate. 

Con. 2. But if the axis minor remain constant and the 
axis major be indefinitely increased, the form of the spheroid 
tends to become cylindrical, hence the accumulation and pres- 
re may be regarded as unifoi'm on a cylinder, of which the 
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length is great coiiiparetl with the breadth, except at pointar'l 
situated near the extremities of the cylinder. 

Coil. 3. If the ellipsoid be an oblate Epheroid, and while 
the axis major remains constant, the axis minor be indefinitely 
diminished, it becomes a circular disc, the thickness of which 
is every where inconsiderable, and at different points, varies 
as the mean proportional between the greatest and least dis- 
tances from the circumference of the disc, and the pressure 
at the border of the disc is to that at its middle, as the square 
of the axis major to the square of the axis minor ; if on the 



other hand the axis minor r 



n constant while the a 



s majoi 



is indefinitely increased, the spheroid becomes a solid, com- 
prised Letween two parallel planes of indefinite extent, and 
the electrical distribution becomes uniform ; in fact, the attrac- 
tion of the upper plane, on points within the solid, is constant, 
and that of the lower is also constant, and equal to the former, 
and consequently the opposite and equal actions of both planes 
on interior points destroy each other, and will not therefore 
separate the latent electricities of the solid. 

(30). To ^nd the distribuHon of free electricittj, mi any I 
body of which the form is nearly spherical. 

Make the centre of gravity of the body, (considered homo- j 

geneous) the origin, and let a be the radius of the sphera i 

equal in capacity to the body ; let r be the radius vector ] 

of any point in the surface, the angle included between [ 

r and a fixed axis, and the inclination of the plane in I 

which 9 lies to a fixetl plane passing through that axis; and J 

since r differs but little from a, we may put r = a(l + ai), | 
where / is a quantity proportional to the thickness of the 
stratum intercepted between the surface of the sphere, and 
that of the body, (and may be positive or negative), and a 

is a very small quantity of which ihc squares and higher i 
powers may be neglected. 



Put < 



, and let f be expanded i 
= T„ + T, + T; + T", + &c 
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the general term (T,) of which, satisfies the eqimtini). 






.(n +\).r„ = o. 



the first tertn Tg will in this case vanish ; for the content of the 
whole solid considered homogeneous, is 

/, /e /^ 7^ sin e, or /, /^ /^ r", 

r being extended from the origin to the surface, y from — i 
to +1, and from to 2t; the sign of the integral re- 
mains positive in the second expression, for the limits of 9 
are and tt, and that order is inverted in the limits assigned 

to -y, at the same time sin 6= -~ . 

Integrate with respect to r, from r = to r = a (l + nt), 
neglecting powers of a above the first ; hence, the content 
is expressed by 

- a' fyj^{^^aT^ + aT^ + aT, + he.) 
now since fyf^T„ = in all cases except when » = 0, (for T„ 
is constant by Prop, xi., and fy f^T^T^ = by Prop, xii.) 
hence the content is 4ira^ (^ + a To) ; but the content of the 
equicapacious sphere is , hence 3*0 = 0. 



Now if the solid were an exact sphere, the accumulation 
at each point would be uniform, and in the present case, as 
the body is nearly spherical, we may conceive the electrical 
action similar to that of a homogeneous stratum of nearly 
uniform thickness, its accumulation therefore at any point of 
the surface may be represented by p = c (l + a«), since a is 
very small; w is a function of and <p, which it remains 
to determine. 
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Using the notation of Art. 14, we have 

r^.c. (l + av) 



K K {^'* - 2 r r [COS0COS0' + sin sine' cos (0 -- 0')] + r«} * ' 

r'j ff^ <f>' being the polar co-ordinates of any point P taken 
within the body, and measured in the same manner that 
r, 0, <p are for any point in the surface. 

Now since the whole action on an internal point must 
vanish, V must be constant for all such points, but using the 
notation of Prop, viii, and expanding the denominator ac- 

cording to the ascending powers of — , we have also 



T ^ t'^ ^ r'» 



and since this must be independent of r', we must have 

which condition will also render it independent of ff and 0'. 

Put for r"^*"*^, its approximate valueo"^""*^ {l-(n-l).a^}, 
and observing that jj. j^ Q» = ; since n is here, different from 
unity, we Ijave 

Put for t its value, and observing that when m and .n 
are diflferent, then jJ,J^T„Q„ = 0, we have 

this equation is evidently satisfied by making 

i> = Tg + 2 Ts + 3 T4 + &c. ; 

hence, when the equation to the surface of the body is known, 
and the radius vector at any point is expanded in a form 

r = a {1 +o(T, + T2+ T3+...&C.)} ; 
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then the corresponding electrical accumulation will be 

^ = c {l + o (Tg + 2 Ts + S7\ + &c.)}, 

Note. If the given body is a solid of revolution, then two 
polar co-ordinates r and Q will be sufficient to express the equa^ 
tion of the surface, 9 being measured from the axis of revolu-» 
tion to the radius vector ; and instead of taking 7\ to satisfy 
the equation of Prop, xi, it will be then simpler to expand 
the thickness ^ in a series of quantities of the same nature as 
P. (Pr6p. II.) ; 

First, if r is expressed in terms of the powers of cos^, 
put cosd = iLy it will be then necessary to expand /tc* in a series 
of the form a^P^ 4- cl\P\ + fhP% + &c. 

If /? is an even number as 2 m, then let 

now Pij P^f &c. change their signs without altering their mag- 
nitudes when — /a is put for fi ; but since fi^ remains the same, 
we have a^ = 0, ctg = 0, &c, the general term is therefore of the 
form (hnPunj it remains to determine ctg^, which by Prop. vi» 

a- ± fi^^in ' M***? the integral being taken from^L =; - 1 to 

M = + 1. 

Now since P^i contains only the even powers of /m, if we 

represent it by J 4- Bfj? + Cfi^ + JV/a^, the integral 

J^P^nt^"^ will be 



2 



{A B N \ 

{ — + - + ... >, 



and this ought to vanish when m is any number of the series 
0^ 1, 2...(«-l) by Prop, i, this integral is therefore of the fonn 

2w (2i» - 2) (2f» - 4)...(2m - ^w + 2). 
(2w-fl)(2w + 3)...(2m + 2w + 1) ' 

€ beii^ a constant which it remains to determine* 

K 
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Multiply by 2m + 1, and then put 2m = — 1, we get thus 

1 .3.5...(2»- 1) 



2^*c(-l)". 



2.4i.6..,2n 



But by the third expansion of Prop, vi, we also have 

l.S.5...(4w-l) 2».(2«-l) 1 

A^ .(— 1)". 



l.2.3...2n ^ ^ (4n-l)(4w-3)...(2w+l)x2.4...2« 

, ^^ l.S.5...(2«-l) , 

= (- 1)". ~ , hence c = 2 ; 

^ ^ 2.4. 6.. .2n 

hence generally, 

C V «»»- 2m.(2m-2)(2m-4)...(2m-2»4-2) 
•''* ^"^ "" * (2m+l)(2m + 3)(2m + 5)...(2m + 2n + l)' 

ft 

therefore, 

, . 2m(2m-2)(2m-4)...(2m'-2n + 2) 

rtg^ss (4»+ 1). 



(2m + l)(2m + S)(2m + 5)...(2m + 2» + l)' 
which gives 

^ Po 2m. Pg 2m(2m-2).P4 

u — 1 5. - +9—-=—- ^ * K&c 

2m+l *(2m+l)(2m+3) (2m+l)(2m+3)(2m+5) 

But if k is odd as 2m + 1, then we have 
where generally, the coefficient 

^fh 4- 3 

Now p8„+i is the form JV + S fx^ + C'm* +...&c. JV^V+S 
and the above integral vanishes if m be any of the numbers 
0, 1, 2, S...(?i-1), hence, as before, we get 

r P ,.««+^-/> 2m(2m~2).„(2m-2m + 2) 

}tk • -* 211+1 » M — C . ' ^. -_ — ; . 

(2m + S)(2m + 5).,.(2m + 2n + 3) 



FBES STATE. JS 

multiply by 2w + Sand make 2w = - S, hence 

2J' = c'(-i)^M:ii(!!!±i). 

2.4...271 
But by Prop. vi. 



^, l.S.5...(4>n+l) (2n+l)2n(2n-l)...8 

1.2.3...(2n+l)'' '' '(4«+l)(4«-l)..,(2«+S).2.4... 

. ^. S.5...(2n+1) , 
" ^" ^ 2.4...2^ ' therefore c' = 2 ; 

hence in general 

^^ 2«+i.f* (2m + S)(2m + 5)...(2m + 2w + S)' 

therefore, 

9-.J.1 A 2w.Pa 

'2w + 3 *(2m + 3)(2w + 5) 

2m.(2w-2).P5 



2i» 



+ 11. 



(2W + S) (2w+5) (2m + 7) * 



Secondly, if r is expressed in terms of the cosines of the 
multiples of d, put 

cos nO = a^Pn 4- a«-8P„-8 + «n-4 J^.-* + &c. , 

the general term of which is ««-2m-Pii-2«i5 ^^d a„.2m ^^J te 
determined by a similar process applied to the fourth expansion 
of Prop. VI. , but in this case it will be generally simpler to 
assume for r a series of the form a^P^ + a^Pi +•..««-?«} n being 
the highest number by which the arc is multiplied, then sub- 
stituting for Pq, Pi, Pg, &c. their values given by the fourth 
expansion, equate the resulting formula with the given ex<t 
pansion of r. 



CHAPTER V. 



ON ELECTRICAL INFLUENCE. 



(31). To find the tT^wence of a vert/ remote electrised J 
hody, on a sphere also charged with electricity. 

Let a be the radius of the sphere, draw a diameter in the 
directitm of the iaflucncing body, as axis of or, and let that 
extremity of the diameter, be made origin, which is most 
remote from the influencing body ; and let a point (p) he 
taken in the same diameter, at a distance /3 from the centre. i 

The action of the remote body may be considered uniform, 
both in magnitude and direction throughout the extent of the 
sphere; let this action be represented by i^rc, tending to impel 
a particle of (suppose) positive electricity towards the origin, 
and let p be the electrical accumulation on any point of the 
annulus bounded hy two plane sections of the sphere made at 
the respective distances 2at, 2a(i + ^#) from the origin, then 
expanding jO in a series of the form 

p = OjPo + Oii*t + a^Pi + a^P, + &c. ; 

the total action of the electricity of the sph^e on the point b» \ 
will be by Art. 1.9. Cor. 3. , 



which tends also towards the origin ; and since the psftid 
remains in equilibrium, we have 

o, 55 l so, fi\ ,_ 
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hence ai^Sc, o^s^O, 03 = 0, &c.; and therefore, the accumu- 
lation is expressed by 

Let E be the total quantity of electricity with which the 
sphere is charged, we have 

E = ^4iro* . fh from ^ = to ^ = 1 ; 
put for p its value, and observing that jtP^ = 0, we get 

E ^AiTrc?%, 

Haice the required law is expressed by 

E 

p = - j.Po + ScPi, 

E 
or 



^p-[i:;;7^^^')-^'*- 



f 
Corollary. If there is a neutral line, its distance from the 
origin is given by the equation 

6ct^- i + 3c; 

47ro 

E 

therefore the distance, 2a^ = v a ; 

127rac 

there will therefore be no neutral line if the sphere be charged 
either positively or negatively with a greater quantity of elec- 
tricity than that which is expressed by 12ira? . c. 

When the sphere possesses only its natural electricities, 
J5 = 0, and then p^ScPi^^Sc(\ — 2/) ; the neutral line is then 
a great circle perpendicular to the axis of Wj and the two 
hemispheres are charged in a similar manner with the opposite 
electricities. 

(32). If any body not charged with electricity ^ hut in- 
fitienced by a remote electrised body, is capable of being 
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divided symmetrically by a plane perpendicular to the i 
tion of the electrical action, this plane will contain 
neutral line. 

Let the parts into which the body is divided by the plane^ I 
be named A and B, and let the influencing force be supposed J 
to act horizontally, it is evident that the neutral line cannot 
lie in any horizontal section of the body, for there would thea 
be no force to prevent the opposite electricities above and 
below this line combining ; hence if the body he turned round, 
so that B may come into the position which A before occupied, 
the neutral line ought to occupy the same position in apace 
which it did before ; thus, if in its former position it lay ex- j 
clusively on the portion A, it would now lie on the portion JB ; I 
if in this last position we suppose the iniluencing force to4 
change from positive to negative, or conversely, the neutral 
line would still evidently remain in the same position on B, the 
only difference that would thus occur, being solely that the 
electricities at the opposite sides of the neutral line would 
change tlieir names. 

Now, the change in the nature of the influencing action, 
has the same effect as if the force proceeded from the oppo- 
site direction without changing its nature, and the neutral 
line is in that case, by supposition, on .^; it lies therefore, 
entirely on A, and also entirely on B, which is impossible a 
unless it is the line of junction of A and B. 

It is easily seen that the same reasoning would apply, 
we supposed the line to lie partially on both A and B. 

(33). Any number of concentric spherical shells, the 
thickness of each being uniform, are separated by non- 
conducting media ,■ to Jind the effect of their m,utual in- 
fluences when they are electrised. 

Let the respective quantities of electricity with which th^ | 
shells arc charged, be represented by £,, £,, E-,...E,, com- 
mencing with that nearest the common centre ; then sine*' J 



■ 

I 

1 



ELECTKICAL INKLUKNUE. 7^ 

no free electricity can reside in the space included between 
the interior and exterior surfaces of any given shell, (as is 
evident from the proof of Art. 25.) the total charge is distri- 
buted on the surfaces of the shells, and uniformly on a given 
shell, in consequence of the spherical forms of all the surfaces. 

Let P], Pa, Pj,,.P„ be a series of points taken arbitra- 
rily in the substance of the shells, commencing as before with 
the inmost shell. 

Now, since all the surfaces interior as well as exterior 
of the shells, except the interior surface of the first shell, 
include the point Pi within them, their total action on that 
point, is zero, but the action of the electricity on the in- 
terior surface of the first shell is the same as if it were col- 
lected in the centre ; now since the total force on Pj must be 
zero, (Art. 23.) therefore there can be no electricity on this 
interior surface, consequently tlie charge E, is uniformly dis- 
tributed on the exterior surface of the first shell. 

Again, the effective force on P^, results only from the 
exterior surface of the first shell and the interior of the 
second, and is the same as if all the electricity on th^se sur- 
faces were collected at the centre, but since this total force 
must be zero, it follows that the interior surface of the second 
shell contains an electrical charge represented by — E^, and 
therefore the exterior surface of the same shell must contain 
an electrical charge represented by £, + £3 . 

In like manner it appears that the respective quantities 
of electricity on the inner and outer surfaces of the third 
shell, are - (E, + E^), and Ei + E.j+Esi and in general the 
quantity of electricity on the inner surface of the m* shell, is 
-(Ei + E^ + E^...E^_,), and on the outer (E, + E^ + E^.-.E^); 
that is, the quantity of electricity accumulated on the outer 
surface of any shell is the sum of the total charges on all 
the interior shells inclusive, and on the inner surface it is the 
same sum exclusive of the particular charge of that shell. 



ao 
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(34). Two parallel plates the nurface of each of ahie 
is great compared with its thickness, are separated hy a t~ 
non-conducting plate,, and made to commiunicate, the la 
with the ground, the upper with the conductor of an 
trical machine ; to Jind the effects of their mutual infiut 

Suppose, for a first approximation, tliat the extent of the 
surfaces is extremely great, and the thickness extremely small; 
and let a vertical right line be drawn intersecting the superior 
and inferior surfaces of the upper plate respectively in the 
points P, Q, and of the lower, in the points Q', P"; and let 
p, ff, a, p represent the corresponding electrical accumula- 
tions ; then, since the extent of the plates is very great, 
p, IT, a, may be regarded as constant, except for points situ- 
ated near the edges ; and p' = 0, since the lower plane ia in 
communication with the ground. 

In this vertical line which is normal to aU the surfs 
take any two points p, p', the first being between the surft 
of the upper plate, the second between those of the lower 
the total actions on those points must be zero. 

Now, in general the action of an indefinite plane sur&ce, 
of which the density is p, and the particles of which attract 
witli forces which vary as the inverse square of the distance, 
is normal to that surface, and is represented in quantity by J 



Paceit^l 
fHce#^H 
weT;.^^H 



Hence, we must have, 

for the equiUbrium of p, 2tr {a + a ~ p) = 0, 

and for p', Stt (cr + o-' + p) = ; , ' 
adding and subtracting these equations, we get 



= 0; 



that is, the total charge of electricity communicated to the I 
upper plate, ia distributed over its lower siuface, which is in | 
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contact with the non-conducting plate; and produces by its 
influence, an equal quantity of the opposite electricity, dis- 
tributed in like manner over the upper surface of the plate 
which communicates with the ground. 

This result is only approximative, since the plates are not 
of infinite extent ; to obtain a nearer Approximation, we must 
not consider p as zero, but only small compared with o-; <r 
will be no longer equal to — cr, but may be represented by 

— ma where m is a quantity nearly equal to unity, and which 
is constant for the same system of plates, since the values of 
/>, (T, a 9 which are necessary for the equilibrium of /?, p\ may 
be doubled, trebled, &c., without disturbing the latent elec- 
tricities at those points ; let the whole charge communicated to 
the upper jplate be represented by E. 

Now since p' is in equilibrium, the action of the electrical 
stratum on the upper surface of the non-conducting plate, 
across that plate, is equivalent to the action of a stratum on 
the lower surface of the non-conductor, of which the accu- 
mulation would be + 7W cr ; for we may here neglect the action 
of the stratum of which the accumulation is p, because of its 
greatei? distahce from p' and the extremely small ratio of 
p to a. ' ■ ' 

Conversely, in considering the equilibrium of p, the action 
of the electrical stratum of which the accumulation is — iwcr, 
will be equivalent to that of another on the upper surface 
of the non-conductor, of which the accumulation would be 

— mcr X w, m being a little less than unity, since the force 
increases when the distance diminishes in plates of which the 
extent is not indefinitely great. 

We have now for the equilibrium of p, the equation 

Stt {a -m^o"- p] =0; 
hence, p = -f (i - m'^) a ; 
and if S be the surface of the plate, we have 

S.(p + cr)=^E; 
L 
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hence, 


cr 




I 


K 
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-m* 


S 
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— m' 


E 
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"^ 2 


-m" 


S 
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-m 


E 
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-nj» 


S 



Corollary, If we suppose the upper plate charged until 
the resistance of the air just suffices to confine it to the plate, 

theti cr = — ' — - , and E = So. r . 

1 — w* ' 1 — m* 

But if when uninfluenced by the upper plate, the extreme 
charge which the resistance offered by the air will admit of, 
be represented by E\ we have 



Hence, 



E' = 2Sp. 

E' ^^'-QrnJ' 
£ ■" 2 - m'^ ' 



and putting w = 1 — a where a is very small, we get by neg- 
lecting the squares and higher powers of a, 

— = 4a, 
E 

which shews that E is much greater than JE', in the ratio of 
1 : 4a, it is on this principle that condensers for accumulating 
great quantities of electricity are constructed ; the Leyden Jar 
is an instance of its application. 

{S5), Two opposite hyperboloids are isolated and charged 
with equal quantities of opposite electricities ; to find the law 
of distribution. 

Let a pair of hyperboloids, concentric with the former and 
similar to them, be described, and let the intermediate space 
be occupied by homogeneous matter, that which lies at one 
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side of the centre attracting, and at the other, repelling all 
points with forces varying inversely as the square of the 
distance, the absolute forces at either side being alike; then 
if we take a point P, in the unoccupied space interior to either 
hyperbolical stratum, and form a cone, the vertical angle of 
which at P is extremely small, the portions of its axes inter- 
cepted by both strata, are equal, in consequence of the simi« 
larity of the bounding surfaces, and the parts which are cut 
out of the two strata by the cone, have therefore equal actions 
on P; and since one of them is attractive while the other 
is repulsive, the total effect on P resulting from both, is zero ; 
and in like manner for any portion on one hyperboloid, another 
may be found^ the force of which counteracts that of the 
former, thus the total action on any internal point is always 
zero. 

If now we make both strata indefinitely thin and sub^ 
stitute the opposite electricities for the attractive and repul- 
sive matter, there will be no action tending to separate the 
latent electricities, and this will therefore be the proper law 
of distribution. 

It is readily seen as in the case of the ellipsoid, that the 
normal breadth of the stratum is as the perpendicular drawn 
from the c*entre on the tangent plane, and the pressure, as the 
square of this perpendicular; they are therefore greatest at, 
the vertices of the opposite hyperboloids. 

{S6), To find the influence of a non-conducting sphere^ 
charged symmetrically with respect to its centre j on an eleC'^- 
trised conducting sphere. 

Let O, O' be the respective centres of the conducting and 
non-conducting spheres, the influence of the latter is the same 
as if its total electrical charge (jB'), were condensed in its 
centre, and under this influence the electrical charge (E) 
of the former will be arranged on its surface symmetrically 
with respect to the right line 0(y which joins the centre. 
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Let a be the radius of the conducting sphere, p the elec- 
trical accumulation in the section made by a plane perpendicu-f 
lar to O&y at a distance ^at from the point at which O'Q pro- 
duced, meets the sphere a second time, and let )3 be the distance 
of a point P, in 0Q\ and within the conducting sphere \ and 
lastly, let c represent the mutual distance of the centres. 

Then since OP = c - /3, the tptal action of tl^e i)pn-coii- 
ducting sphere on 



P = 



(c - fiy 



= — {l + 2tl + 3?^ + 4^+&c.|; 

and this being neutralized by the action of the conducting 
sphere, the latter will be represented by 

E\ a fi a' 13' «' /3' o > 

- — {l + 2 -. i^ + 3 -j.i^ + 4:t .^ + 8^c.} . 
cr ^ c a (T a^ cr or ' 

But if the required law of electrical accumulation expressed 
by p, be expanded in a form, 

then by Cor. 3. Art. 19., the action of the conducting sphere 
on P is also expressed by 

[S 5 a 7 a' 9 a^ J 

and equating with the former value, we get 

__ 3 JB' 

47r cr 



«2 = 



fig = 



5 a If 
4iir c & 

4ir c^' c»' 
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therefore, p = a^P^ + — ^ {sPj -5.-.P2 + 7^.P3- &c.} 



£' 



= aoPo + l .f3-.Pi-5^.P2H-73P3-&c.}. 



The total electrical charge on the conducting sphere = 47ra' jf/t>, 
this integral being taken from ^ = to ^ = 1, is ^i^c^a^ -E\ 



hence, a^P^^a^^- -; and 

47ra 



their values given by Prop. i. we get 

P^7 1^+— f-:^ fl-3-Pi + 5-P,-7-5P3 + &c.} 

.47ra [a c ] 47rac ^ c (f (f ^ 

1 fJB JS'l JB'eidfl a „ a* ^ a' ^ 1 

= - — {-+—} + ;; — T-1-- -1-^1 + "7^8 --7^3+&c.|. 
27roia c\ ZiradcXf^ ^ (^ ^ j 

But by Prop. ii. 

multiply by -r , and take the differential coefficients with re^ 
spect to c, the left hand member of this equation will thus give 

whence by substitution, 

''~47ra|o"^ cj 47ra" {c* + 2oc(l - 2<) +0"}*' 

E E' £'(c2-a*) 

or, 47ra . p = 1- z 5 

•^ a c r' 

where r represents the distance from the centre of the influencing 
to the annulus at which the accumulation is p. 
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Cob. 1. To find the neutral line make p'^O, 

f(c«-a*)acirU 
^'°'^'' "• = { E'a^cE I ' 

thus if the conducting sphere had no free electricity when 
uninfluenced, then 

jB = and rj = {c , (c - a) (c + a)}*, 

rj being the distance of the neutral line from the centre of 
the influencing sphere; 

and therefore, — 4fwacp . = £' | -j - l J . 

Cor. 2. To Jind the quantity of electricity evohed by 
in/licence. 

Since p= ^-^-l/j 

'^ inrar 47rac [ir J 

where r^ represents the distance of any point in the neutral 
line from the centre, of the influencing sphere when E = 0, and 

E 

the first term is due to the electrical charge of the 

47ra 

conducting sphere, therefore if p' be the part of p dependent 
on the influence, the opposite electricities produced by influ- 
ence on both sides of the same neutral line, are respectively 
represented by 

X p' -r- J from r = c — a to r = ri, 
"^ ' dr 

and frp'-r-i from r = ri to r = cH-<t; 
'' ' dr 

S representing the surface of the sphere. 

But r* = c^ + a* + 2ae(l -2/), 

hence, -r: = -" ^ac; 
dt 
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' dS 

also, -;— = 47ra, 
at 

. dS a 

hence, — - = — .r; 
dr c 

the respective quantities of electricity evolved are therefore 



^frV""?)' 



taken between the same limits, and if we integrate, and put 
for Tj^ its value c (c^ — a^), they are respectively 

-4i|-(r,«-e^)--l and -^j! (c« -r,^ + "l 
47rc*\2^^ ^ 2 J 47rc^i2^ ^ 2j* 

which quantities are exactly equal and of contrary signs, as it 
is easily seen they ought to be. And since rj is evidently less 
than c, the former is of an opposite kind to £', and the latter 
pf a like kind. 

Cor. 3. To find the quantity of electricity ewpelled when 
the conditcting sphere is put in contact with the ground. 

Let p' be the value of the electrical accumulation, at that 
point; of the sphere which is afterwards made to communicate 
with the ground, the relative positions of both spheres re- 
midning unaltered ; the effect of this communication is to render 
the electricity at that point latent, but the same effect would 
be produced if we supposed a uniform stratum, of which the 
accumulation at every point is represented by — p", and this 
stratum on account of its uniform breadth, would not disturb 
the latent electricities in the interior of the conducting sphere ; 
the total quantity of electricity thus superposed, is — ^iroPp"^ 
which is equivalent to the absence or expulsion of a quantity 
represented by 47ra*p', the latter is therefore the quantity 
required. 

Thus if we suppose the sphere to contain only its natural 
electricities before contact, and that the point on its surface 
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most remote from the influencing sphere, communicates with 
the ground, we have 



p = 

4f7rac 






the quantity therefore, which is expelled, is 






(37). To find the influence of a non-conducHng sphe- 
rical shelly on a conducting sphere, the electrical arrange- 
ment being supposed symmetrical with respect to the line 
joining the centres. 

Let O, O', and a, a be the centres and radii of the con- 
ducting and non-conducting spheres respectively, and let A, A 
be the points in which Off produced both ways, meets the 
respective spheres a second time ; let p be the electrical accumu- 
lation on a section of the conducting sphere made at a distance 
2a^, from -4, by a plane perpendicular to AA' \ and in like 
manner let p' be the accumulation on a similar section of the 
other sphere, at a distance 2a'^ from A\ let F, F' denote the 
same quantities as in Art. (14), with reference to both spheres, 
when points P, P are taken in 00\ at the respective distances 
OP = /3, OP = ^' ; the integrals in both spheres are taken 
from ^ = to ^ = 1. 

Let ^^ha, /3' = hldy then we have for points within 
the non-conducting sphere, 

^ir'vP r jo' 

"ITJt {i+A'^ + gA'Ci-aO}*' 
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the actual value of which may be found by expanding p' in 
functions of the same nature as P«, and putting for the de- 
nominator its value 1 - P^h! + PgA'* — PsA'^, &c., and then 
integrating ; representing this integral by (V), we get 

when P is within the sphere, F' = (b' (A'), 

a 

A '2 / 1 \ 

when P is without the sphere, F' = 0^ (if) ' 

Make jP' to coincide with P, and to lie within the conducting 
sphere, and therefore, without the non-conducting ; and putting 
c for the distance 00\ we have then j3 + )3' = c ; 

hence at the point P, 

Now the force on P tending from 0, by Art. (14), is 

dV dV d(r+r) 

dfi d/3' ' d(i ^ ' 

and since the latent electricities must not be separated when 
the electrical state is permanent, we get 

F+ r^a, 

a being a constant quantity ; hence for points within the 
conducting sphere, 






4f7ra^ f P ^ 47ra'* , / a \ 

and representing the integral by fp(h)y we have for points 
within the conducting sphere, 



a 
M 
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and for points without the same sphere. 



.* 



K = 



4'jra* 



*a) 




to determine a, suppose P at an infinite distance, the value 
is then the same as if the total electrical charge (E) of the 
conducting sphere, were collected at the centre ; making there- 
fore, ^ = 00 , and multiplying by )3, we get 



-'A'-'-^Oh 



whence. 



in which expression — is substituted for h. 

a 

Knowing thus the value of V for external points, suppose 
it expanded in a form 

then by Art. 19, we have 

p = a^Po + a,Pi + (hPs + OsA + &c. 

Corollary. 
then for external points, 
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and comparing this with the value of V abeady found, we 
have 



and therefore for internal points, 
F=47ra0(A) 

a [c ^ \c J c-ah^ KC'-ah/) 

(38). To find the electricai arrangement of two elec- 
trised conducting spheres which mutually influence each 
other. 

Retaining the same notation as in the last article, let 
the respective spheres be represented by A and A\ and let 
4 TT a 0(A) be the value of V for points within A\ the effect 
of the influence of A on A\ is the same as if A were suddenly 
to become a non-conductor ; therefore by the preceding Corol- 
lary, we have 

Conversely, A' may be supposed to become a non-conductor ; 
therefore, 

»^=*-'^ W =f -^*-«i^^' (7) - ?:^^' (c-:?^)}^ 

but by means of the former equation, the function (p! is given 
in terms of the function ; thus 



I* r. 
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and 

c — ah I ac — c?h \\ 

~ (»-a'^-cah'** \(? - a"* - cah)y 

hence, 

, .._ E E' aa.[a\ aa' . f ae \ 

E' aa! , fa\ aa , [ ac-c?h \ 

— — (7) I — I _j m I » I • 

47ro(c-aA) c^c-ahy \c) &-oP-cah^ \&-a^-cah) 
Put for abridgment, 



. E E aa' /a\ aa , f ac \ 



47ra* 47ra< 



E' a a' fa\ 

^=7 + - ^ 

47ra c ^ \cj 



the equation becomes 

aa / ac — a A \ ff 

from this equation the form of is to be determined, and the 
value of V being thus known, that of p will be determined 
by Art. ip. 

Whatever may be the form or number of the electrised 
bodies, it is obvious from the preceding investigation, that 
the equation for determining the value of V in the interior 
of any of the bodies, will be a functional equation, the reso- 
lution of which even in the simplest cases, would offer very 
great analytical difficulties ; the following principle will assist 
in resolving the question after an easier manner. 
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(39). Principle of successive influences. 

Suppose two conducting bodies A and B to be electrised, 
but that the power by which they influence each other ema- 
nates per saltum, at finite and. equaL intervals of time; let 
a and b represent the electrical systems on the respective bodies 
when they undergo no influence, then by the first influence, 
a and b are changed into a' and b\ the system a being equi- 
valent to the superposition of a system a, due solely to influence, 
on the original system a ; and in like, 6' being equivalent to 
the superposition of a system (i on the system 6, /3 being pro- 
duced solely by influence. 

The systems a and b' may be now supposed to exercise a 
second influence, and since a' is equivalent to a and a, and b' 
^ to b and /3, and by the first influence the action of a on 6 is 
counteracted by that of )3 on b; and the action of 6 on a by 
that of a on a, this second influence is equivalent merely to 
the influence of the systems a and j3 on each other ; the altera- 
tion by this second influence may be regarded as equivalent 
to the superposition of two other systems a and )3' ; the second 
electrical systems a^ and 6", are respectively equivalent to the 
systems a, a, a and 6, /3, )3', when each is condensed into one 
system by superposition. 

Using the sign + to denote in this case superposition, and 
the sign = for the equivalent or resultant system, we have in 



general 



a"(»> = a + a + a' + a"+ + a'''^-^^ 



Now supposing the bodies J and B exterior to each other, 
the system a on. the body A is produced by the influence of 6, 
in the same manner as if j9 were suddenly to become a non^ 
conductor, the system a is in equilibrium by the combined 
actions of a and b, and since the former is on the same body A^ 
while the latter system is on a different body, it is evident that 
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a must be much less in quantity than b, and of a contrary sign, 
that is, of an opposite kind of electricity ; for the same reason, 
ji' which is produced hy the influence of a, must be much less 
than a, and of a contrary sign, a fortiori ^' is much less than 
b, but of the same sign ; we have, therefore, 



/3'<^, 



/3"'<a', 



^"■"</3", &c. 



thus when n is very great, the systems a'"'""'*, ^'"l*-" 
dnced by the ti^ act of influence, are almost insensible 
the (« + 1)"' influence of the total systems, is exactly the 
as the influence of the partial systems a'"'"-" and jQ'"'"-'* 
alteration produced therefore in the total systems would be' 
insensible; hence the systems when n becomes infinite, are 
permanent equilibrium, the same observations apply to an; 
number of bodies. 



1 



This principle may be applied ; 

First. To obtain numerical approximations to the statAl 
of electrised bodies influencing each other, by calculating the I 
effects of * or 5 successive acts of influence. 

Secondly. To obtain the analytical expression for thatl 
state; for the consideration of a few successive influences ^ 
shew what the form of the quantity V is, and assuming a cor*-! 
responding form with indeterminate coefiicients, we may ge^l 
the form for the state of B due to the influence of A, and then! 
the state due to the influence of B or its own reflected influ-J 
enco, comparing the form thus obtained with that as 
the indeterminate coeflicients may be found. 



Example. Let two equal conducting spheres, the radiiu 
of each being a unit, and the distance of their centres 100^1 
be charged with equal quantities of electricity which may like* 1 
wise be taken for units, to find the effects of ihcir mutual'] 
influence. 
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Let A BXid A' be the two spheres, then since a = a'= 1, 
and JB = -E'= 1, and c= 100, we have when there is no influence 

■ 

After the first influence exercised by B on A, 

^^ ^ 47r 4007r 47r(l00-A)' 
which also expresses <f/ (h) when A first influences B. 

After the second influence, 
T ^ 4-ir ^oO'n- innooi4.«- 



47r 4007r 10000<47r 4007r 

47r 



111 1 

4- 



(100 L) 

V 100/ 



9999 ^47r 4007r / 100 

47r . 

9999- 



[100- 



1 1 

+ 



47r(l00-A) 100(lOO-A)<47r 4007r 

47r 



flOO —) 

\ 100/ 



[ 1 



9999- IOOAUtt 4007r / 100 -A 



Utt 4007r / 100- A \>, 

47r 100 — -) 

I V 9999 'lOOh 



where the terms which are added by the second exercise of 
influence are not sensible before the ninth place of decimals, 
and the first influence gives 

r=47r0(A)=: 1.01 - 



100 -A 



1 , nearly ; 

10000 -^ 
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but when p = a^P^ -f ajPi + a2P2+... 

then r=4^{»o ^.A + &c.J by Art. 19; 

1 SI 

hence in this instance, a^ = — ai 



47r * 47r*10000' 



and therefore, p = — + 



4/r 400007r SOOOOtt' 



thus the accumulation at that point of A which is nearest B, 

is less than at that point which is most remote, by a quantity 

S 

which is only the part of the mean accumulation. 

•^ 5000 ^ 

A little attention to this example or to the formula for the 
influence of a non-conducting on a conducting sphere, (Art. 37,) 
will shew that in the general case of any two spheres, the suc- 
cessive influences introduce only constant quantities and frac- 

j 

tions of the form -— , where A, a, b are quantities inde- 

a + oh 

pendent of h, and that the first of those fractions is of the form 

g 
; we may therefore put generally 

where ^i, a^, &i, &c. must be determined, so that 0(A) may 
satisfy the equation 

^^ ^ ^ c-ah c^-a^-cah^ W -a^-cah) 

and giving (J> in the right-hand member of this equation, the 
form above assumed, we thus have 

^ ^ r X / _^ _£ /«« ^ i^ 

9>W-/ + ^.^A-c«-a'«-caA'^c(c«-a«-a'0-aA(c*-oO 

^ -^i«« + jjc.; 

ai(c^-o'*)+6iac-aA(cai + a6i) 
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and equating the corresponding terms, we get 
[«! = c^ - a * 



{ 
{ 
{ 



o^ = c (c* - o* - a'*) 
64=-a(c»-a*) ' 

ia = — «! . Ca — 61 . a* 
^4 « ^2 (c* - a'«) -f ^2 . oa 

&4 sss — ^2 • ^tt "" ^8 • tt^ 



&C. &C. 

these quantities are formed by a simple law from each other, 
and the general term may easily be found explicitly by a linear 
equation to finite diflTerences ; the value of V for internal points 
is therefore 

47ro^, g faa gaa . /(aa )' „ . , 

F = \f+ ^+ , + . ■ + , +&C.J, 

'^ ai+— ./J 02 + — .P 03+— .)3 
a a a 

where each term except the first has the same form as when 
a point or non-conducting sphere symmetrically electrised 
with respect to its centre, influences the conducting sphere; 
hence by Art. 36, 



^ c\ [c^ + ^acO -20 + «']*/ 



and a similar expression for the accumulation on J^ may be 
obtained by changing a into a, in the quantities a^y &i, &c. ; 

N 
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and since the total quantity of electricity on A is given, by 
the equation E = ^Tritjtp, from t^O to / = 1, the quantities 
/ and g are determined when E and JB' are given. 

(40). If two electrised bodies touch each other, and are 
symmetrical with respect to the common normal passing 
through the point of contact, there will be no free elec^ 
tricity at that point. 

Make the common normal the axis of <r, let JC, X' re- 
present the forces along this line, at two points within the 
electrical stratum (on the supposition that there is electricity 
at the point of contact), cd and a! being the distances of those 
two points from the origin; and since the bodies are sup- 
posed conducting, the electricity is distributed in the same 
manner as if the two constituted but one body; we have, 
therefore, by Taylor's theorem. 

And by Art. 24, 

dX dY dZ 

-3— + -7- + -T- + *^P = 0- 
dw ' dy d% ' 

But in consequence of the symmetrical figure of the bodies, 
there is no force except X, on points taken along the normal, 

dX cPX 

hence, — — = — 47ri0, .^ = 0, &c. ; 
dof aar 

therefore, (X' - X) + 47r/o (0/ - a?) = 0. 

Now, at the surfaces which bound the electrical stratum 
within either body, -Y = 0, JT^ = 0, because the total action 
on any point within an electrised body, even when infinitely 
near the electrical stratum, is zero; 
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that is, the breadth of the electrical stratum is zero, at the 
point of contact. 

Corollary. The same reasoning will apply when the tan- 
gential forces K, Z may be neglected in comparison of the 
normal force JC. 

Remark. The motions of electrised bodies when they 
are non-conductors, may be calculated on the same princi- 
ples as the motions of any bodies of given form, the particles 
of each of which exert on the others forces varying inversely 
as the square of the distance. 

When any of the electrised bodies arc conductors, the 
free electricity flies, partly by its own repulsion and partly 
by the influence of the other bodies, to its surface, where 
the pressure of the air is diminished at each point, by a quan- 
tity proportional to the square of the breadth of the electrical 
stratum, the effect is the same as if a system of forces acted 
normal to the surface, and tending at each point from within 
to without; the equations for the motion of the centre of 
gravity, and of the body round that point, may be formed 
therefore by the common principles of dynamics. 

When two spheres influence each other, they produce no 
motion of rotation, for the forces tending to turn either sphere 
round its centre of gravity, in this case will evidently destroy 
each other. 



But in other cases, the effect of the rotation as well as 
translation, is to make a different distribution of electricity, 
BO that the general expression for the normal forces becomes 
complicated, and the exact integration of the equations of 
motion is much more difficult. 
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The action of a large electrised body on very small light 
substances, may be more easily computed from the circum- 
stance that the influence of the small bodies on the larger 
one may be neglected. 

Example, To determine the motion of a smaU pith 
bally charged with electicity^ influenced by a large eleotri^ed 
sphere. 

Representing (as in Art. 36.) the electrical charge of the 
ball by E, and of the sphere by If, and observing that the 
influence of the ball on the sphere is so inconsiderable, that 
it may be neglected, the latter acts as a non-conducting sphere, 
and therefore, by the same article, the accumulation at any 
point of the ball, is given by the equation 



^ 4t7ra\a c r^ / * 



Let the radius drawn through the point at which the 
accumulation is py make an angle 0, with the right line c> 
which joins the centres of both spheres ; 

then 1^ ^ & '-' 9,ac cos9 + a^ 

dr 
Hence, r — ^ = + ac sin0, 

andsm0cos0 -^^..r-. 

Now the normal force on each point of the annulus cm whieh 
the accumulation is p, is Stt/o^, (by Art. 26,) the surface of the 
same annulus is ^fra^sin^.^d, and resolving all the forces in 
the direction of c, the whole moving force is expressed by 

47r*a*j0p*sin9cos0 
taking Q between the limits and ir. 
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The accderating force on the centre of the ball, is there- 
fore equal to 

M bekig the mass of the ball. 

Put - + :?.=«, £'(c»-o0=6, 
a c 

and let /be this accelerating force; bence, 

taken from rs=c-a to r^a-^c. 

The part of this integral which is independent of bt 
vanishes; for when lf = 0, 6 = 0, and the charge is then unio* 
formly distributed over the ball, and therefore the pressures 
would produce no efiPect; hence, 

»*^../-,..jr(^-.).^jr(l±i'-l) 

= - stab Kc*+o«) f— 5 —] - ia\ 

* \c-a c + af ' 



\ 4 V(c-a)* (c-^ay) 



*^V(e-a)»"(c + a)Vi 



+ 



c«-a« (c*-aO* 
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Haice, 






8 



4jEir 4ir*a 4-E'*ac 

+ 



c» c» (c»-a*)* 

Let V represent the velocity of the ball, then 

jif , ^ ijir ai;'» la^a 

or, -.r-'^C-— -^+^--,, 

C being determined by the condition that i9 =s 0, when c has its 
initial value, and the motion is understood to occur in a hori- 
zontal plane. 



CHAPTER VI. 



ON ELECTKICITY DEVELOPED BY CHEMICAL ACTION. 



(41). Continued production of Eleciricity. 

The chemical compositions and decompositions of sub- 
stances are in general attended with a development of elec- 
tricity, consequently when continued chemical action can be 
maintained, a continuous flow of electricity will be produced. 

Thus when a metallic substance is immersed in a saline 
solution, the metal is found to be negatively, the solution 
positively electrised. 

The contact of the air with substances easily susceptible 
of oxidation continually develops electricity of very feeble 
intensity, but which may be accumulated by artificial means 
so as to produce all the ordinary electrical phenomena. 

As chemical action produces a continuous flow of electri- 
city, conversely, a continuous flow of electricity will produce 
chemical actions which would not have otherwise occurred; 
the follo(ving experiment due to WoUaston will exhibit this. 

Let a piece of zinc be partially immersed in very diluted 
muriatic acid ; chemical action immediately takes place, the 
zinc dissolves, and hydrogen is disengaged from the water 
[ of the solution. 

Let now a piece of silver be also partially immersed in 
, a different part of the vessel containing the solution, the acid 
not acting on the silver, the latter disengages no hydrogen 
from the water. 
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Suppose now that the continued flow of electricity pro- 
duced by the chemical action on the zinc, is communicated to 
the silver, by bringing the metals into contact outside the 
solution, or by means of an interposed conductor, tbe silveefl 
will then act on the solution, and hydrogen will be diae 
gaged at its surface. 

The decomposition of water has been also effected by the 
same philosopher, by means of a series of electrical sparks, 
when a wire isolated in its length communicates at its ■ 
tremity with that fluid. (Vid. Art. 9.) 

The quantity of electricity produced by chemical actii 
between given substances, will in general be proportional to tl 
extent of surface throughout wliich that action occurs. 

Though Volta ascribed the production of a continued flow 
of electricity to a different cause, yet as the construction of 
piles for increasing its intensity was his invention, it has in 
this state been denominated Voltaic electricity. 

(42). Accumulation of Voltaic electricity. 

Let a plate of zinc be placed in a horizontal trough c 
baked wood, which is a good non-conductor, and also a platel 
of copper near the former and parallel to it, but not touching 
it, and let the intermediate space be filled with a solution of 
nitric acid ; the zinc which is the more oxidable metal, will be _ 
acted on by the acid, and become negatively electrised j 
acid becoming positively electrised, will communicate by c 
tacti positive electricity to the copper. 

Let another plate of zinc be placed beyond that of copper, 
and soldered to it, and then a second plate of copper commu- 
nicating, as before, with the zinc plate, by means of an acid 
solution in the intermediate cell ; the contact of the second - 
zinc plate with the first plate of copper, permits the latter to 
communicate its positive electricity to the zinc, this positiv^J 
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electricity would be communicated to the second plate of 
copper, if the intermediate solution acted merely as a con- 
ductor, but that liquid has also a chemical action on the zinc, 
which independently of the iirat pair of plates would be a 
source of positive electricity to the acid, and therefore also 
to the copper, with reference to which the acid may be re- 
garded almost in the exclusive sense of a conductor; on the 
other hand, the same chemical action producing negative elec- 
tricity for the second zinc plate, reduces the electrical state 
of that plate and of the copper which is soldered to it, to 
zero, and the acid in its capacity of a conductor, serves to 
double the quantity of negative electricity in the first zinc 
plate, the whole system being isolated by means of the trough 
of baked wood. It is evident that by soldering to the second 
plate of copper, a third zinc plate, and then putting a third 
copper plate, forming with the the third zinc a cell filled 
with acid, the quantity of positive electricity on the third 
plate of copper and the first of zinc will be trebled, and if 
we suppose the conducting power of the acid and the non- 
conducting powers of the trough and the atmosphere perfect, 
the quantities of the respective electricities developed on tlie 
final plates of zinc and copper, are proportional to the number 
of cells containing the acid solution : the system of plates is 
then denominated an electrical pile. 

If sheets of paper a little moistened were interposed in- 
stead of acid, the same results would be produced but in a 
much lower degree ; the action of the air is necessary for dry 
piles, for when enclosed in an air-tight vessel, they lose their 
power of acting when the oxygen of the enclosed air has 
chemically combined with the metals. 



(43). Electrical currents. 

Suppose two metallic rods are attached respectively to the 
plates of zinc and copper which terminate the electrical pile 
described in the preceding article, the rod communicating with 
the zinc will be perpetually in a state of positive electricity, the 
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Other will be permanently negative, and In either c 
trical charges are equal; bring the ends of the two rods into 
contact, the oppoRite electricities combine, when they are agsui 
developed by the action of the pile, and again combined by Ae 
contact of the cods ; instead of the two rods, in this case, it is 
manifest that one conductor communicating at once with both 
ends of the pile, will equally answer the purpose of permitting 
the electricities which are continually produced by the action 
of the pile, to recombine continually ; it is this peculiar state 
of electricity in Voltaic conductors, which is denominated a 
current, a direction is also attributed to the current ; for the 
action of the acid supplying continually the zinc end of the pile 
with positive electricity, and the copper end with negative, 
which are permitted to combine by the interposition cS the 
conductor, the current of positive electricity in the conductor 
is said to be from the zinc to the copper, the terms current 
and directiofi of a current being merely conventional, and 
adopted simply for convenience of language in considering thf 
pha^numena of Voltaic electricity. 



(44). General effects of the Pile. 



Wben a shock is received from a Leyden Jar, the opposil 
electricities being permitted to recombine by the interpositic 
of the conducting parts of the body, the sensation produced is 
instantaneous, but when the body forms a part of the Voltaic 
circuit, (for instance, by immersing the fingers of each hand in 
vessels containing solutioqp in which are also immersed metallic 
rods communicating with the ends of the pile,) the sensation 
is then continuous, remaining as long as the communication 
s uninterru] 



ioif^H 



e pile 



'upted. 



When Voltaic electricity is applied to produce chemici 
decompositions, hydrogen and the bases are found at the ne*^ 
gative pole, (or at the extremity of the rod communicating vrittf I 
the negative end of the pile), while oxygen and the acids aril 
collected round the positive. 
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;uliarly striking, 
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The pBysiological effects of the pilt 
»nd were those which first attracted the attention of Galvani, 
and afterwards of Volta, to this branch of science. 

The niuscLilar contractions in the limbs of frogs, when 
I tteiiuded and forming part of a Voltaic circuit, (for instance, 
when interposed between two plates of difTercnt metals which 
itre brought into contact,) led to the construction of the pile, 
by which the most violent muscular actions may be produced 
in the largest animals recently killed ; the process of digestion 
can also be maintained for some time after death, by the action 
of Voltaic currents, and many other remarkable effects of a 
similar kind are produced by the same cause. (Vid. Cumming's 
Electro-dynamics, and Art. Galvanism, Encycl. Met.) 

(45). Actions of Voltaic Conductors. 

When a metallic rod or wire is made to communicate by 
its extremities with the ends of a Voltaic pile, the rod ceases 
to act in the manner of the electrised bodies considered in 
the former chapters, however, two such conductors of any 
forms, in general, act upon each other ; a few of the simplest 
phKDomena of this kind established experimentally by Ampere, 
form the basis from whence Voltaic actions in the most com- 
plicated eases may be computed ; for the description of the 
apparatus and the mode of making experiments, we must refer 
to Professor Cumming's Electro-dynamics. 

By those experiments it appears: 

First. That two currents, the directions of which are 
mutually at right angles, exert no actions on each other- 

T&ndly. That an undulating conductor may be sub- 
I -atituted for a rectilineal one which has the same extremities, 
provided the deviations of the former from the latter, however 
. numerous, may be of only small extent. 

Thirdly. The actions of similar conductors on points 
umilarly situated, are equal. 
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Fourthly. A closed conductor exerts no action "c 
cular conductor, moveable round an axis passing through 
its centre, perpendicularly to its plane. 

From the second case, it follows that we may substitute 
for a small portion of a conductor, three other portions which- 
form in continuation the three edges of a parallclipiped, of which 
the given portion is the diagonal, a principle analogous to th< 
resolution of forces. 

Thc terms closed and indefinite currents are used accordii^ 
OS the conductor forms a closed figure as an oval, or extend) 

indefinitely as a straight line or helix. 



(46). To determine the law of force tending to or fra. 
any element of «« electrical current, when points are taken 
at different distances but in a given direction- 



Let^ 



, be the dements of two electrical currents, 



which the intensities are p, p' respectively; let the right line 
which joins their middle points be made a unit of length, an J 
form an angle a with any fixed right line, for instance, the 
axis of ^, and let fhe the force with which these elements act 
on each other, the direction of which may be regarded as being- 
in the right line forming their middle points, then the total 
action of the currents on each other when resolved in the direc- 
tion of the same axis, is represented by pp'f,f,-f cos a, botb 
integrals being taken throughout the entire lengths of the 
currents. 



Conceive now two currents similar and similarly aituatt 

to the former, but of which the linear dimensions are r timi 

as great as in the former case ; let ^tr, Sa' be the elements in 

the latter which correspond to the elements Ss Ss' of the former^ 

that is, ^tr = rSs 

Co-' = rSs', 

the mutual distance of Sit Sct' will be now = r, and if be th^ 
force with which these elements act on each other, will onljp 
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differ f rom / in consequence of the change of distance, for the 
angular position of the elements Sa Scr' with respect to the 
right line joining their middles, is the same as the position of 
^s Ss' with respect to the corresponding line ; the total action 
in this case taken in the direction of the axis of w^ is 
ppftrff/^pco^a^ or /o/oVJ^^'0cosa, the limits of this inte- 
gral being the same as before. 

But by Art. 45, the mutual action of the former currents 
is equal to that of the latter, hence 

1 

JI ^ 0^ cos a = -J j; ^'/cosa, 

the latter integral is a numerical quantity, hence, it is evident 

A 
that <b must be of the form 3, A depending only on the 

angular positions of the elements Icr lcr\ with respect to the 
right line joining their middles, therefore, the law of force in 
a sp^fied direction, is the inverse square of the distance. 

(47). To determifie the law of force tending to or from 
any element of a current when points are taken at a given 
distance^ but situated in different directions with respect to 
the element. 

Let the right line r which joins the middles of the ele- 
ments Ss, Ss', be inclined to those elements at the respective 
angles 0, ff^ the planes of which angles are mutually inclined 
at an angle 0. 

By Art. 45, we may substitute for the element S«', three 
other elements forming the sides of a parallelipiped, of which 
If! is the diagonal, and let one of the sides be taken in the 
direction of r, one perpendicular to r in the plane of 0, and 
one perpendicular to this plane, the current is will thus be 
resolved into the three rectangular currents 

is' con ff 9 is' sinff contf)^ is^miff nintp; 



110 ON £L;BC'r»ICiTY, 

and if we substitute in like mauner for ^y the sides of a 
parallelogram of which it is the diagonal one ib the directioii 
of Ty the other perpendicular to it and in the plane of dy the 
current $8 will be resolved into the two currents 

^«cos0, j^sind. 

In considering the mutual actions of the latter curr^ita 
and the former, we may neglect those of which the directions 
tre at right angles, (Art. 45), and observing that the direct 

mutual action of ^9, Is' is pp -^ , where A depends only on 

the angular position of the elements, that is on d, ff and 0, 
if we represent it by /(a) when the elements are parallel and 
inclined to the right line joining their middles at an angle a, 
we have 

mutual action of j^cos^, ha co^ff t^ -~^ . pp isSs' ecmff emff^ 
and the acticm of j« sind^, and ^«' sind' cos ^ 

= pp' ^8 he' sin0 sinfl' cos^, 

because the former are in the same direction as r, and the 

latter perpendicular to it ; let the latter quantity / ( — ) be 

taken as a unit, then» f(p} will be a certain numerical constant 
which may be represented by k, the total action therefcure 
which is the sum of the above two, is 



^^ {Acos6^cosd' + sin0sin^cos0}. 

(48). To determine the vtilue ef the numerieal conetaat 
k in the preceding article^ 

By Art. 45, it is evident that the action of any closed 
conductor oU « dfcular one in its own plane, moveable round 



FROM CHEMICAL ACTION. Ill 

a 6xed axis passing through its centre, is always destroyed by 
the resistance of that axis, consequently, the total action of the 
first circuit on any element of the second when resolved in the 
direction of that element, must be zero. 

Let is' be any element of the circular conductor, and Sa 
any element of the given circuit, r the mutual distance of these 
elements, and -ff, the respective inclinations of the same ele- 
ments to the right line r, which joins their middle points ; and 
lastly, <j> the mutual inclination of the planes in which the 
angles ff, respectively lie. 

Hence by the preceding article, the direct mutual action 
of Ss and Ss', is 

^^ (sin0sin^cos0 -h kcos0cos&). 

Suppose now that Ss' is projected on the tangent to Ssj 
the part of this tangent between the point of contact and the 
foot of the perpendicular from the middle of S«', is 

dr 
T cos = r -- ; 
da 

and if another perpendicular to the same right line be drawn 
from the extremity of 5*', this intercepted portion will be 
increased by the small quantity 

d ^s' 

-ir COS0).-, 

. Sa 
this increment is manifestly the projection of the semi-arc — 

on the tangent to Sa, and therefore the cosine of the inclination 
of the elements Sa^ ^a\ is 

dr\ 

— I 

da J V 

da' ' 



d [r^] 
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But the same cosine is also expressed by 

COS0 COS0' + sind sind' cos<p ; 

iPr dr dr 
hence, r-- — --; 4- -r- • -7-7 = cos0 cos0' + sin© sin©' cosd> ; 
dads da ds ' 

^T \ 

therefore, r , ■ , = sin sin ff cos <b ; 
dads ^ 

which being substituted in the expression for the mutual action 
of £9, hs^ it becomes 

r^ \ dads' da da) 

pp'haU j d^r drdr\ 

" r*+» V dada'^ da da) 



" /+» 'da\ da')' 



The resolved part of this action in the direction of the 
element ^a'^ is 

pp'Sa^a' (\f ^ fjc of\ 

i-i—rr-T . cos 0^ -;- if COS0 ). 

r^+* da 

Therefore the total force tending to turn this element 
round the fixed axis is 

-^p^'5*'j;r-<**+^^(t^cose')S 

integrate by parts, and observing that since the given circuit 
is closed, the initial and final values of r and ff are equal, 
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kud that the total action on is' ou^t to be xero, we have 

'COS*0' 



(2AP + 1) j~;r- = ^5 

this equation carniot be generally true unless 2A; + 1 « Oj 
because the form of the closed circuit is perfectly arbitrary^ 
whence we obtain /p = -^. 

Corollary. Th^ expr^sion for the mutual action of two 
elements of currents, is now 

^^ (sine siu £>' CQS0 - ^ oos^ eos0') 

ppisie' f d^r ^,drdT\ 



f d^r ^dr dr 
\ dads' ^dsds 



pp^S*S.'.r-i-(r-l^) 



dr\ 



-^pp'^sls^r-^—^. 



dsds' 



(49). To determine the action of any given current on 
an element of another ^ in the direction of the length of that 
element. 

Let ^s be the €leinent acted on, and is an element of the 
given currenti their mutual action in the direction of the line 
joining their middle points, is 

d 
pp S* Is . r"i — (r-i cos0'), by Art. 48. 

as 

Multiply by cosd' to thtx^ the piurt oi this action in the 
direction of 5/, and integrate with respect to «, the required 
action becomes 

\pp is' (r"* cof?ff + const,) ; 
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let the initial values of i* and ff be R and O, and their final 
values J?i and Oi ; the expression for the tangential action on 
$8^ is therefore 

Si 



, ,^, /cos' 01 cos'e\ 



Cor. 1. An indefinite current of any form, exerts no 
action in the direction of the length of a given element of 
Another current; for in this instance, R and J?i are both 
infinite. 

Cob. 2, A closed current will also exercise no action in 
this direction, for then JS = JSi and O = 6i ; hence in both 
these cases, the action must be normal to the element. 

Cos. 3. The actions of currents terminated at the same 
points, (whatever may be their forms), on any element, are 
equal when estimated ^cording to the direction of that 
element. 

Cos. 4. The total action of any fixed current on a move- 
able rectilineal current, in the direction of its length, is 

cos^Oi cos*©^ 



- , r /cos* 01 cos*0\ 



Let Pf pi he the perpendiculars let fall from the extre- 
mities of the fixed current on the rectilufieal current, 

^ . ^ 1 /. ^-S pcos0 
then ic sin = ^ ; therefore, -— = . ^ ; 

, da' ^ . da' p 

also, — — = — sec0, hence 



dR ' de sin^0' 

da' pi 



similarly, 



d0i sin«0i' 
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hence the total action is in this case 



- ,j rcos^Qi /•cos'Gl 



Let J, Ai be the angles which the right lines joining one 
extremity of the given conductor make with the rectilineal con- 
ductor, and By Bi the corresponding angles when the right 
lines are drawn from the other extremity; then 

r^?^ « f f-r-^ - sine) « 1 7 + (cos^i - cos J). 



Similarly, 



tan — 

2 



COS* 01 12 



Jr COS KJi 
Gi sin Gi 



+ (cos J?i - cosJff) , 
B 

tan — 
2 



the difference between those formulae when multiplied by ^pp'^f 
is the action of the fixed conductor, whatever may be its form 
on the moveable rectilineal conductors in the direction of its 
length* 

When the rectilineal conductor extends indefinitely in one 
direction, then A and B both become indefinitely great, and 
the logarithmic parts in the preceding expressions are infinite, 
but their difference is finite, for 

B 

tan — 

1-^=1^, 

A p 
tan— ^ 

since jp and jpi are the tangents of the indefinitely small angles 
A and B to radii which are indefinitely great, and differ but 
by a finite quantity. 
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The total action in this case is therefore^ 

tan— ' 

i/>/>' U ^- — + (cos J, - cosfi,)> . 

tan — 

... . . g .... 

If the conductor extend indefinitely in both directions, 
then Ai = tt, fii = tt, and it is easily seen that the value of 

tan — 
2 p 

tan — * 
2 

for a similar reason; the action is reduced in this case 
to the simple expression pp' 1 — , there is therefore no action 
in this direction when the perpendiculars are equal, 

(50). The action of a closed current^ on an element of 
another current which is turned in all positions round its 
middle pointy lies in an invariable plane. 

Make the middle point of this element (S/) the origin of 
three rectangular axes, and let a?, y, z be the co-ordinates of 
any point in the circuit of which the element is represented 
by S«, let a', /3', 7' be the inclinations of the given element Ss' 
to the axes of a?, y, z respectively, and JT^ F, Z the forces on 
is' in the directions of the same axes ; then if r be the mutual 
distance of the elements Ss and Ss\ and 6' the angle which it 
forms with the latter, we have 

, tP , y r\i ^ , 

COS0 = ^ cos a 4- - cosp H- - cos'v . 
r r r ' 

Now the direct action of ^s and 5«', is represented by 

pp Ss Ss^ r"^ — (r~i COS0') ; 

a s 



FROM CHEMICAL ACTION. 117 

substitute for cos 0' its value, and resolve the force in the 
direction of ^, multiplying it by - ; the part of the force 
in that direction is thus 

hence, 

^=« ipp'5«5«'{cosa / -r-. — + cosiS' /-•-r-"! 

integrating by parts, and observing that in a closed circuit 
the initial and final values of ^, y^ Zy r are the same, we get 

or, putting for abridgement, 

/• dy diV i> d/v dz 

v» dt ^ dt „ / dt dt 
C^Jt -; B^Jt j3 ; 

^ dz dy 

where t is any variable of which a?, y and z may be regarded as 
functions; it is evident that Ay 5, Care independent of the 
position of the element 5«', when we suppose that element 
turned round its middle point, but vary with the position of 
that point, or with different forms of the closed circuit ; 
we thus obtain 

X= Ccos/3'-ficos7 ; 
similarly, F= -^^cos'y' — Ccosa', 
Z = jB cos a' — -4 cos/5' ; 
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hence, AX + 5F + CZ = 0. 

Now if JB* = J:-* + F* + Z\ 
and D* = ^* + B« + C, 

X Y Z 

then •« 5 "5 > -^ are the cosines of the angles which the re- 
R R R 

sultant of all the forces on ta makes with the axes, and ' 

ABC 

— , — , — are the cosines of the angles which an invariable 

right line drawn through the origin makes with the same axes ; 
hence, the resultant is always perpendicular to this invariable 
right line, that is, it lies in an invariable plane of which the 
equation is -4a7 + By + Cx^^O. 

Cor. 1. Multiply the values of X, Y, Z respectively, 
by cos a', cos/3', cos^', and add; hence 

Xcosa + Fcos/3' + Zcosy = 0, 

which shews that the resultant is normal to the element 5/, 
or lies in a plane of which the equation is 



w 



cosa' + y cos)3' + % cos 7' = 0, 



which also results from the preceding article. Cor. 1 : the equa- 
tions of the right line in which the resultant acts are therefore 



{ 



Aof + By + Cz = 
a?cosa' + y cos/3' + zcosy' = 0. 



CoR. 2. Let (f> be the mutual inclination of these planes, 
or of the invariable right line to the given element 5*', then 

.A , B ^, C 

cos(p = — . cosa + — cosp + yr cos'y . 
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Now 

= (ippSsy. {^«(co8«/3' + cosV) +^(cos«a'+cos*7') 
+ C(cos*a +cos*/3') - 2ABcosacos^ - 2ACco8acosy' 
- 2JBCcos/3'cos7'} ; 

put for cos*)3 + 008^7', its value 1— cos^a'; 
for cos*a +008*7', put 1 — co8*/3'; 
and for co6*a' + cos*/3', put 1 —008*7'; 
we thu8 get 
^=(W^0'{^* + ^^+C*- (^oosa' + «oos)3'+ CCOS7')*} 

= (!/>/>' 5«T{^-^cos*0} ; 

henoe, R - \pp ^s' . D sin ; 

the resultant, is therefore known both in magnitude and direc* 
tion, and the value of R vanishing when == 0, shews that the 
invariable right line is that position into which if the element 
^8 be turned, the closed circuit will exercise no action on it. 

(51). To jind the action of a plane closed conductor of 
very small dimensions^ on a/n element of another conductor. 

Let the origin, as before, be placed at this element, it is 
only necessary to calculate the values of A, B, C in this case. 

Let rx be the projection of r on the plane of xy^ forming 
an angle <p with the axis of a? ; then 

Now r and rj meet the closed conductor and its projection 
on the plane of opy, respectively, in two points ; let their second 
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values be represented by r + Ar and r, + Arj, where Ar, Arj 
are very small quantities of which all the powers higher than 
the first may be neglected ; then observing that if be supposed 
to increase through that part of the conductor which is convex 
to the origin, it will decrease through the concave part; 
we have 

the limiting values of (p being those formed by the two tan- 
gents drawn from the origin to the closed conductor. 

Now r^ = ri^ + sf2, therefore, rAr = riAr^ + %A%, 

Let sfi be the distance of the point at which the plane of 

the conductor cuts the axis of ss from the origin^ then 

Ar, 

is the tangent of the inclination of r to ri, and is therefore 



equal to — — y 

^ ri 



hence Ax = '^•Ar,, and 



st^ — zz{\ ^ r^ — xzi 



Ar=Ari — + =Ari. 

\r rr^ J 

therefore, C = /,Ar. I ^^-^^^- --■) -!?} 

Since the conductor is of very small dimensions, we may 
regard r and % as constant in this integral, and observing that 
the area of the projection of the given conductor is represented 
by j^^iAri, ifX be the area <rf the closed conductor, and 
a, 6, c the inclinations of a perpendicular p^ drawn from the 
origin on its plane, we have 

«fi=psecc, and ^rj^Ari « Xcosc; 
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^ ^ feosc 3pz] 
hence we get C = \ l~ —\ ; 

tcoBa Spafi 

where to Wy y, % and r are to be attributed their mean values. 

Cob. 1. When the element acted on is in the plane of the 
conductor, 

then A = 0j 5 = 0, 0=-, 

ir 

the total action on the element 5«', by Art. 50, is therefore 



if>/>'5«'.-. 



CoE. 2. If another very small closed conductor, of which 
the area is \', be placed at the origin and in the same plane, 
its action on any element Ss will be 

and to obtain the action on the whole of the given current, we 
may resolve the current 5« into the two rS<f) and ^r, the latter 
in the direction of the right line joining the two currents, 
(which are both extremely small), the former perpendicular 
to that line; the actions on these elements will be perpendi- 
cular to their directions, and are respectively 

the latter when integrated, vanishes, since the initial and final 
values of r are equal, the former will be 

Q 
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or distinguishing as before the convex and concave parts, 
it is equal to 



^pp'^L?- L^tktt] 



4,r -^ 



putting for f^r^r its value \ and attributing to r in the de- 
nominator its mean value, we get for the mutual action, which 
is in the same direction as the right line joining the two 

- . pp'W' 

currents, the expression '-—r — . 



(52). A system of very small plane currents of equal areas 
and intensities^ are ranged at equal distances along the 
surface of a canal of any form^ the directriw of which in- 
tersects their planes at right angles ; to find the total action 
on any element of another current. 

Let this element Qis) be made the origin of co-ordinates, 
as before, let \ be the area of one of the given currents, and 

— the mutual distance of two which are consecutive ; let a?, y, x 
m 

be the co-ordinates of the p6int at which the directrix intersects 
the plane of the current, ^s an element of this directrix, r the 
mutual diistance of ts^ ts \ let p the perpendicular from the 
origin on the plane of the current (which is parallel to the 
tangent at £«), be inclined to the axes at the angles a^ h^ c\ 
let A^ j9, C denote the same as in the preceding articles, 
except that they are here extended for the entire system of 
dtirrents, the part of A due to one current (by Art. 51.) is 



{cos (It ^paiX 
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But cosa = -— and -, is the cosine of the inclinatioQ 

da r 

dv 
of r to the tangent at 5«, which is also expressed by — , 

ds 

the number of currents corresponding to the element Is, is 
— . 5« ; the part of A due to those currents is therefore, 

A 

\ da ds] da^ ^ 

and the total value of A is the sum of all those parts taken 
throughout the whole extent of the directions; hence, if the 
currents are indefinitely near each other, we have 

Let the initial and final values of ^, be w^ and Wf^ ; and of 
r, T^ and r^ 



weget,^.m{--^j; 
similarly, 5 = mj^--^| 

W n J 



and C 

from whence by (Art. 50), the total action on ^a* is known. 

Cor. 1. If the canal be either closed or indefinitely ex- 
tended in both ways, then A^Oy 5 = 0, C = ; and therefore, 
there is no action on la'. 

CoR.^. When the canal is indefinitely extended in only 
one direction, then 

J = - — ..rj, 5 = -^.yi, C = - — .5fi; 
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the resultant (by Art. 50), is perpendicular to a right line 
drawn from the origin, forming angles with the axes of which 

the cosines are Tj » 7^ ? 77 respectively, where 






m 



which right line in this case is evidently ri, the resultant must 
also be normal to 5« , since the action of each of the closed 
currents is so, the direction of the resultant is therefore per- 
pendicular to the plane passing through ri and.£«', and if be 
the ihclination of >i to 5«', the magnitude of the resultant 
(by Art. 50), is 

■^ pp Ss' \/A^ + jB* + C* sin0, or, - — pp'5«'. — --; 

therefore, the action of a v/nifofm canal of currents inde- 
finitely extended in one way, varies inversely as the square 
of the distance of its extremity from the element acted on^ 
a/nd directly as the sine of the angle which that distance 
forms with the element^ and is directed perpendicularly to 
the plane parsing through the element and the extremity 
of the canal. 

CoR. 3. Hence the action of any uniform canal of cur- 
rents may be reduced to two forces known both in magni- 
tude and position, for this canal may be regarded as the 
difference of two canals, commencing respectively at the ex- 
tremities of the given one and extending indefinitely in the 
same direction. 

(53). To find the action of any conductor on a uniform 
canal of currents, indefinitely extended in one direction. 

Through the extremity of the canal, as origin, draw any 
fixed right line which we may now regard as axis of a?, let is 
be an element of the conductor, and r the distance of its 
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middle point from the origin, this distance being inclined at 
an angle a to the axis of w^ and at an angle to the element, 
the force of the canal on this element is 

m , ^ sin0 

(abstracting from its sign), the direction of which is perpen- 
dicular to the plane passing through r and Ss; the moment 
of this force round the axis of w will be obtained by resolving 
it perpendicularly to the plane of the angle a, and multiplying 
by rsina, which is the distance of Ss from the axis of a?; if 
therefore, yfr be the mutual inclination of the planes of the 
angles a and 0, this moment is expressed by 

m , , £«sin0cos\lr 
— op sma . ^- ^ . 

Now — sm (j) is the perpendicular from the extremity of 
'5« on r; therefore, — sin0cos\|r is the projection of this on 

the plane of a, which is equal to r — ; hence the moment of 

the element ten'ding to turn the canal, or to be turned by the 
canal round the axis of a^ (since action and reaction are equal), 

becomes — pp^ sina* Sa; and therefore, if ai, ag be the values 

of a at the ends of the conductor, the whole moment is 

m , 

— pp (cosai "~ cosog). 

In like manner the moments round the axes of y and « may 
be determined. 

Again, to find the whole force parallel to the axis of a?, 
we must multiply by the cosine of the inclination of the plane 
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of r and Ss to the plane of yz, but — .rsin^ is the sec* 

tonal area comprised by the radii drawn from the origin to 
the extremities of Ss, and when multiplied by this cosine, it is 
the projected area on the plaile of yx, or -J (ySz — x^y) ; the 
total force parallel to the axis of w is therefore 

dx dy 
dt 



vn , I dt 



t being any quantity of which y and x are functions ; and using 
the notation of Art. 50, we have 

the force parallel to the axis of a? = — pp' J^ 

oiy^jppB, 
of »«= — pp C. 



CoE. 1. If the given conductor form a closed circuit or 
a series of such circuits, for instance if it forms a canal of 
currents, the expression for the moment round the axis of 47 
vanishes, and this axis may be any right line drawn through 
the extremity of the indefinite canal, hence this extremity must 
be the point of application of the resultant, which will lie in a 
direction inclined to the co-ordinate axes at angles of which the 
cosines are 

ABC 

— , — , — respectively, where D = \/{A^ + -B® + C*), 

and the magnitude of the resultant = \/(-4^ + -B® + C*) ; 

the action on a finite canal is easily estimated by regarding it 
as the difference of two indefinite canals. 
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CoE. 2. When two uniform and indefinite canals of cur- 
rents act on each other, the resultant passes through the ex- 
tremity of each canal, and is therefore the right line joining 

those extremities; its magnitude is ^ppD^ and D varies 
inversely as the square of this line, hence the force may be 
represented by — , where R is the distance between the ex- 
tremities of both canals. 

When the canals are finite, there will be two forces, one 
attractive and the other repulsive, acting at each extremity of 
either canal, the directions of which respectively pass through 
the two extremities of the other. 



(54). General Observations. 

In applying the preceding theory to calculate the phae- 
nomena presented by Voltaic conductors, we must observe 
that the nature of the action (with respect to repulsion or 
attraction) is determined by the directum of the current of 
positive electricity, it is repulsive between those parts of two 
currents which are in contrary directions, and attractive when 
the directions of the currents are the same ; thus, if we coik 
ceive atn element of a current to lie in a plane which bisects 
perpendicularly an element of another current, in one half of 
the latter the current approaches to, and in the other recedes 
from the former, the two actions are in this case equal and 
contrary, and therefore destroy each other ; it is this perpen- 
dicularity which is to be understood in Art. 45, an instance of 
which for currents of finite extent, occurs when one conductor 
is a circular arc and the other rectilineal and passing through 
the centre of the arc perpendicularly to its plane. The 
expression 

^^ (sin Q sin0' cos0 - ^ cos0 cos0'), 
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wheo 0* is a right angle, vanishes, provided 5 = or ^ = - 

that is, there will be no action between two elements §a and Sata 
if the former be in the perpendicidar raised from the middle^ 
of the latter, or in a plane which bisects the latter perpi 

dicularly. 

From the preceding remarks it is evident that two < 
rents passing with equal intensities through the same cod- 
doctor in opposite directions will produce no action on i 
other conductor. 



If we suppose a plane closed conductor to be divided inl 
small portions by right lines parallel to the axis of ai, we mi 
conceive each portion to form a closed current, because eae^' 
right line will be then traversed in opposite directions, and there 
will only remain as effective currents those which traverse the 
curvilineal sides of the diiferent portions ; in like manner each 
of these portions may be subdivided by right lines parallel to 
the axis of y, and thus an indefinite number of small closed 
currents may be substituted for the given one and the total 
action calculated by Arts, il and 53. If two such conductors 
act upon each other, we may subdivide each into small plane 
areas, the peripheries of which are traversed by currents, the 
mutual action is therefore the same as if each element of oiw 
surface acted on each element of the other with a force varyinj 
inversely as the fourth power of the distance, it is evideot' 
that a force of this nature cannot produce a continued motioa 
of rotation in either circuit, round a fixed axis; 
observation applies to the mutual action of two canals of 
currents of any form or magnitude. 



The simplest mode of observing the actions of a canal oj 
closed currents, is by twisting a wire in the form of a helix, 
containing a great number of convolutions, succeeding each 
other at very small intervals; for then the action of each 
convolution is extremely nearly identical with that of a cir- 
cuit absolutely closed- 
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{55), Terrestrial Currents, 

Since chemical actions, by which electricity is always de- 
veloped, are continually occurring both on the surface and in 
the interior of the earth, and since the action of heat (as ob- 
served by Seebeck) produces currents in conducting bodies, 
by rendering unequal the temperatures of their remote parts ; 
accordingly Voltaic conductors of which the centres of gra- 
vity are supported, undergo terrestrial action, analogous to 
thftt produced by a system of closed currents. 

Tb^ directions of the currents due to the action of heat, 
would like the course of the sun, be from east to west, but 
modijSed by the heat propagated in the interior of the earth, 
txicm (be e()uator towards the poles ; those attributable to 
cheouqaj action would depend on the quantity and position 
of tbe substances acted on, (as qb thi^ extent of the oceans 
with respect to vaporisation) and would be combined in their 
aption with the tbermo-eleetric currents. The effective Voltaic 
actions indicate the direction of the terrestrial currents to be 
nearly from east to west, having the north pole situated on 
their rJght. 

The action of a closed current on an element of a con- 
ductor is always perpendicular to that element ; hence, a rec- 
tilineal conductor which is free to move in a horizcmtal plane, 
will not be moved by the influence of the earth in the direction 
of its length, but at right angles to that direction ; but if one 
e;^treaiity be fli^^ed, a continued rotation will be produced. 

It is also easily seen by Arts. 50 and 53, that the action of 
terrestrial currents would bring a plane conductor freely sus- 
pended by its centr,e of gravity, into an invariable plane, and 
a straight canal of currents into a position perpendicular to 
that plane. 



R 



CHAPTER VII. 



ON ELECTRICITY IN MAGNGTIS 



(56). Magnetic Properfies. 

The term ixayvti^ was applied by the Greeks, to designal 
such substiinces as possessed permanently the power of at- 
tracting iron ; they are most commonly iron ores, but cobalt 
and nickel when completely freed from ferruginous particles, 
possess the same property ; pure iron acquires the magnetic 
power of attraction when in contact with magnetic substances, 
which it entirely loses when they are withdrawn, in the same 
manner that bodies electrised by influence return to their na- 
tural state when the influencing body is removed ; the com- 
pounds of iron which permanently retain magnetic properties, 
are generally oxides, carburets, phosphurets or sulphurets c 
that metal : when found native, they are usually denominate 
load -stones. 



The faculty which magnets possess of retaining tha 
power to attract iron is attributed to a coercive force, tl^ 
force may be modified and even destroyed by molecular i 
placements in the interior of the body, for instance, by is 
creasing its temperature to a white heat. 

If two bodies of different material, but having the i 
form and extent of surface, be electrised by the influence 4 
the same body, the powers of attraction or repulsion whicT 
they acquire are exactly equal ; but if pure iron and nickel 
be magnetised by the influence of a magnetic body, as for 
example, by contact with a magnetic bar, the powers whi 
they acquire in this state are unequal, and are therefoli 
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dependent not on the extent of surface but on the interior 
structure of the bodies ; the whole electrical charge of any 
body may be carried off by covering it with an envelop of any 
conducting surface which is afterwards removed, (Vid. Art. 7)) 
but nothing analogous occurs in magnets; these bodies are 
therefore to be regarded as systems of particles, which possess 
individually magnetic properties from whatever sources, but 
which sources are prevented from mutual communication with 
each other, or with external bodies by that power (depending on 
the molecular structure of the body) called coercive. 

This will be further illustrated by attending to another 
remarkable property of magnets, namely, their polarity ; if a 
magnetic needle be suspended by its centre of gravity, it will 
not like other bodies remain indifferently in any position, but 
will acquire a determinate direction, the inclination of which 
to the horizon is denominated the dip of the needle, and the 
vertical plane passing through the needle is inclined to another 
through the north and south points of the horizon at a deter- 
minate angle called the variation, these angles are different 
at different places, and even at any given place they undergo 
slow changes in the progress of time: the dip at London is 
now about 10^", and the variation about 24-J- degrees ; that 
part of the needle which is turned towards the south or frnm 
the north, is called its north pole, and the other part the 
south pole of the needle: if we try to invert the position of 
the needle by turning the poles round, it will right itself by 
turning through 180" of azimuth, into its original place; if 
the needle be rolled in fine filings of iron, they will attach 
themselves to it in great quantities at certain points situated 
near the extremities which are more particularly called the 
poles of the needle, and in very small quantity at the parts 
situated near the middle of the needle ; if two magnetic needles 
be placed with their like poles near each other, they repel, 
but with the unlike they attract : if the poles be dn ided by 
breaking the needle, each of the halves will be found sinulaih 
endowed with poles, unlike poles being found at the part^ 
where the fracture nccrirred : however small the fngnient* 
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into which the needle is divided, the separate parts enjoy all 
the same properties with respect to polarity, as the whole 
needle ; thus the magnetic pheenomena are compound, resulting 
from indefinitely small portions of the magnetized body, which 
are restrained by the coercive force from mutual communica- 
tion in the same manner that electricity is retained at the 
surface of bodies, by the resistance which the air offers to its 
escape. 

All iron would become permanently magnetic if it pos- 
sessed this coercive power ; place a bar of soft iron in the same 
position into which the action of the earth would draw mag- 
netic bodies, it will become a magnet by influence, having, 
as the needle, north and south poles ; but if we turn it round, 
the poles do not turn with it as in the magnetic needle, nor 
will it tend to turn round to its original position, but always 
acquires a new magnetic state corresponding to the new posi- 
tion into which it is moved ; it only wants coercive power, to 
retain the magnetic state which it once acquires, to be a com- 
plete magnet. 

(57). Electro-magnetic Phcenomena. 

The agitation of the compass needle during the appear- 
ance of the Aurora Borealis, and the inversion of its poles 
when struck with lightning, were the first natural phsenomena 
which led to the belief that magnetism and electricity were 
connected in their nature. 

The electrical discharge of a strong battery was found 
capable of rendering ordinary steel needles magnetic, and of 
inverting the poles of those already magnetised. 

It was discovered by Oersted, that Voltaic conductors act 
on magnets, and conversely that magnets act on Voltaic con- 
ductors: if an electrical discharge be passed through a con- 
ductor in the form of a helix, a steel needle placed parallel 
to the axis of the helix and within it becomes strongly mag- 
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netised ; lastly, a Voltaic conductor attracts iron filings to its 
surface while transmitting electricity, but when the transmission 
h dis(3otitinued, the filings immediately drop off. 

The magnetism of the earth induces no motion of transla- 
tion in magnetised bodies, but merely turns them into a par- 
ticular position ; it acts in the same manner on a Voltaic 
helix. 

The action of a Voltaic conductor on a magnetic needle, 
presents in general the same effects as if a uniform canal of 
currents were substituted for the needle, and conversely : also 
the mutual actions of magnetic needles are analogous to those 
already demonstrated, to belong to canals of Voltaic currents. 

A magnetic substance of which the form is annular, ceases 
apparently to possess magnetic action ; a closed canal of cur- 
rents in like manner exhibits no Voltaic action. (Art. 52. 
Cor. 1.) 

If one magnet neither traverses nor is affixed to another, 
it cannot produce continued rotation in it; the same is true 
of any system of closed currents. (Art. 54.) 

When the preceding conditions are not satisfied, continued 
rotation may be produced either in conductors by the action 
of magnets, or conversely ; the action of the terrestrial currents 
produces continued rotation in magnetised bars or Voltaic con- 
ductors properly disposed, and lastly, the electrical spark can 
be drawn from magnets or magnetic ores ; science is indebted 
to Mr Faraday for most of the latter facts. 

From the analogy between the actions of magnets and 
Voltaic helices, M. Ampere to whom the theory of the action 
of electrical currents is principally due, has adopted particular 
views with respect to the nature of magnetised bodies, assign- 
ing as the cause of their actions the existence of closed cur- 
rents circulating round their moleculen. 
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However this may be, the preceding facts seem completely 
to establish an identity between electricity and magnetism, with 
this peculiarity, that in magnetised substances each magnetic 
particle is to be regarded in itself as a magnet, (Vid. Art. 56). 
Since a needle can be permanently magnetised merely by in- 
fluence, (as by the electrical discharge through a helix), and 
when unmagnetised it exerts no action, it follows that the 
quantities of magnetism which respectively attract or repel a 
given magnetic molecule must be equal, (Art, 15.) they are 
denominated for the purpose of distinction, south and north 
magnetisms, the latter being that which in an element of a 
magnetic body, is repelled from the north by terrestrial mag- 
netic action. 

(58). To Jind the action of a system of magnetic par- 
ticles composing a magnetised body of any form, on a point^ 
containing north magnetism, and situated at any sensibl 
distance from that body. 

Let X, y, z be the co-ordinates of the point {P) acted c 
and tn', J/*, x' of a point {P) taken within one of the magnetic I 
elements (Jtf), and let e represent the aide of a very small cube | 
of the same magnitude as M, then w + ea, y' + e/3, 
may be taken to represent the co-ordinates of any other point | 
(j)') in the same element (M), and a, ^, 7 will be finite. 

Suppose that the excess of north magnetism at the point 
(j)') above south is represented by o, the respective distances 
of the points P and p from the given point P hy R and r, I 

that as in electricity generally, the law of force is the inverse 
square of the distance, magnetisms of the same name repelling, | 

and of different names attracting, then the action of p' on P ^^H 

in the direction of the axis of x will be expressed by | 

multiplied by tjie quantity of free electricity at p'f that is, hy 
pe' 3a Sfi ^7 ; consequently the action of the complete element 
M on P in that direction will be 
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the integral being extended throughout the whole of that 
element. 



Now --'^'^-\-ea , + ej8 , -{-ey 



7^' 



r R dw' ^ dif ' d%' 

neglecting the powers of e which are higher than the first; 

also, /„^/y^.-— 0, 

since the quantities of north and south magnetisms in the 
element are equal ; hence, the force of the element M on the 
point P becomes 



^'f-fpfyPj^ 



d.— ^ • "^ ^ • "55I 

R ^ R R 

dx dy dz 



d R R 

R 

+ ^-^faffifyP^y]' 

To sum this expression throughout the whole extent, con- 
ceive a parallelipiped of which the sides Sw\ 8y\ Ssi/ parallel 
to the axes are very small compared with the dimensions of 
the body, but which itself contains a very great number of 
magnetic elements such as M, the sum of all which elements 
within it may be represented by k* ^w' Sy' S%\ that is, in the 
proportion of A?' : 1 to its entire bulk ; the preceding ex- 
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pression will still apply for the whole parallelipiped, only 
putting k'Soff' 8y' Sx instead of M, and substituting for the 
triple integrals their mean values throughout its extent, which 
may be regarded as functions of a?', y', »', and be represented 
respectively by a\ h\ c ; the action of this parallelipiped on 
P estimated in the direction of <a?, is therefore 

d I R R K 

- —- . hfha/ hff hz \a' '-'^^^ ^-4r'— 5--. + c'— -,- 
dx \ dos dy dss 

hence if Jf, F, Z be the total magnetic forces exercised by the 
whole magnetised body on P, and making 



Q = /«'X'X' 



d .— ^ • "Id ^ • "»l 

J / / ^ jfif R Til R 

dof dy' dz 



this integral being taken throughout the entire body, we have 

dx dy dz 

(59). To determine the action of a system of particles 
magnetised solely by influence, and incapable of retaining 
their magnetic state when the influencing force is with- 
drawn. 

The quantities a', b\ c' evidently depend on the action 
of the influencing force which we first suppose constant in 
magnitude and position, and vanish at the same time with it; 
also in passing from one system of co-ordinates to another, 
it is manifest (from the forms of the integrals of which they 
are the mean values,) that they undergo changes of form ex- 
actly similar to those of the components of a given force; 
hence if we represent in this case the components at any given 
instant by /'j g\ h' parallel respectively to d?, y and «, it 
follows that a' must be a function of these forces of the form 

a'^Cf+ Cg + C"A'. 
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Suppose now that the point P is taken in the right line 
drawn from P^ parallel to the axis of y^ and that the force acts 
in the same direction, that is, f = 0, h! * 0, a' = Cfg' ; now 
the action of the small magnetic system at P^ on P by the 
preceding article, is 

- A' 5*' V ^«' T- «' -T-r + '''-7-r + c'-rr I » 

aw [ ax ay d% j 

putting in the present case a/ = w and x' - % after the differen- 
tiations are performed, this becomes 

2k'Sa^'SyS%\^, 

R 

which ought to be zero, since the whole action is in the direc- 
tion of y^ hence a' « when /^ and h' vanish, which requires 
C =5 ; similarly, it may be shewn that C" *= 0, therefore we 
get a' = Cf^ and consequently h' = Cg\ c = CA', since the 
quantities a\ b\ c are susceptible of the same changes relative 
to the axes as the forces/', g, h\ 



But when the point considered (P) is in the influenced 
body, suppose a, 6, c to be what a', 6', c' become when cV, y, z 
are put for a?', y', ^' ; conceive a very small sphere, having P 
for centre, and containing a very great number of magnetic 
elements, throughout which we may put for k\ a', 6', c' their 
mean values as A;, a, 6, c, then the forces (/, g^ h) result from 
all the extraneous forces which influence the whole system, and 
also from that part of the system itself, which is beyond this 
sphere : the part of the former forces in the direction of a?, will 

dV , 

be represented by — — , using V in the same sense as in 

Art. 14, and by the preceding article, the corresponding force 
arising from the latter source is - -- — , Qi representing the 
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value of Q9 taken for the whole magnetic system except the 
small sphere, 

hence, /= - 3 ~ and a^-C ( -— + -r-^) • 

aw aw \dw aw J 

dQi . dQ 

Now -- — differs from — — by a quantity due to the small 
dw dw -^ ^ ^ 

sphere, namely, by 

w' - w w' " w w' — w] 

d . — -— — d . ' — — r— d . 



/v/y/x'l*'«'-T?- + *'&'— r^ + *V * 



dw' di/ ds/ 

where the differentiations with respect to w have been per- 
formed under the signs of integration, since the integrals 
commence from a?' = ^r?, y' = y, %' = x, and extend throughout 
the entire sphere ; then performing the integration with respect 
to a/ in the first term, t/ in the second, and ss' in the third, and 
taking any two variables u and t?, with respect to which the 

dJ^S 
element of the surface of the sphere is -- — -- ,Suov; lastly, 

dudv "^ 

putting 0, ffj ff' for the inclinations of the radius passing 

through that element to the axes, observing that 

h% 5y' = -; =- • Sw iv COS0, 

dudv 
this expression becomes 

* j5*X {«cos0 + bco^ff + ccosd"} . . , 

where to of and R we are to assign their values at the surface 
of the sphere. 

Let for instance, u be the angle (0) which R makes with 
the axis of w^ and v the inclination of the plane of this angle to 
that of wz^ then 

w -^ X . d^S „- . - 

— --— = COS0 ~ — — = JS^ sm0 ; 
R dudv 
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also cosd' s sind sint?^ cosd'' s sindcosi} ; 

substitute and perform the integrations, and the expression is 
reduced to 

4t7rk . dQi dQ 4!7rk 

. o, thus -; — = -; r- -^ » 



3 



do? df<r 



4f7rfc d 

hence,/=~^.a--(r+Q); 

similarly, ^ = -^ . 6 - — (F + Q), 



A = 



3 
4'7rAp 



d 



.C- — (F+Q). 
3 di?f ^ 



Put V + Qs: U and observing that /, g*, A afe respectively 
proportional to a, 6, c, it is easily seen that these equations 
may be put under the form 

dU 
a +p 



0) 



deo 



= 



dU 

dU 

c +p— -= 0; 
^ d« 

and integrating the value of Q by parts and representing now 

by - — 7— . ou Sv the element of the surface of the whole body, 
•^ dudv ^^ 

as before of the sphere, so that 0, &^ ff' are now the inclinations 
of the normal of that surface to the axes, we have 

Rdudv"^' 
putting for abridgment 



(2) Q^Uv (a' COS0 + 6'cose' + c'cos0") . 



r r r ^ {^^^ dh* dc\ 
and a', 6', c', for A?' a, k'b' and Ap'c'. 
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Let V, p, denote the valaes of (7, p, when iio\ y', fis! are 
respectively substituted for Wj y^ x, then by the equation (l) 
we have 

from whence equation (2) becomes. 

L(y^) .L'l?) .L'^) 

where<6=- f f f M ^ '^.^^ t ^ ^^^ \ ^ '^^ ^^ 

and tr = Q' + r, 

Q* and F* denoting the values of Q and F when a>', y', x replace 
w, y, z in those functions. 

The equation (3) serves to determine Q, and then the re- 
quired forces are known by the preceding article. 

CoE. 1. The value of Q= U— V is immediately deducible 
from that of U, which may be expressed by an equation 
to partial differences, thus ; 

By the known property of the function V, (Arts. 14. and 25), 
we have 

cPF (fF £V_ 

dar" ^ dy' "^ d^ ~ ^' 

or, denoting by A the operation here performed on F» 

A.F=o, 
hence A . Q = A . ff. 
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Also A "5 = 0; R being supposed never to vanish as in 
R 

the double integral of equation (3), where R is the distance 

from any point in the surface of the body to one within it ; 

that equation thus becomes 

A . Q + A . ^ = 0. 

But when R vanishes it is easily seen as in Art. 25. that if p 
be any function of w\ y, %\ which becomes p when they are 
changed into cc^ y^ ss-, 

now this case happens in the function d>, whence we have 

dU\ J dU\ ,/ dU\ 



^[^1^] H^d^) ^[^ 



A0S - 47r I I M ' + + 



d% j 



dx dy dz 

putting for A . Q, A . in the preceding equation their re- 
spective values, we get 

f^ dU ^ dU ^ dU 

d?u ^u d^u r-p-d^ ^-^d^ ^-^d^ 



da/^ dy^ ds^ \ doo dy dz 

Cor. 2. If the body is homogeneous and of uniform tem- 
perature, p will be constant and <p = 0, since the last equation 
becomes in this case 

d'U d^U d?U _ 

hence by equation (3), 

Q= -JuJvP j,. , {cosfl--— r + cosg '-p-r+ cos©' -rr^\; 

Rdudv [ dx dy dz j 
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hence, the magnetic actions of the. system are exactly pro- 
portional to those that would be produced if the surface of 
the body were covered with a thin electrical stratum, the law 
of the accumulation of which at each point is expressed by 
the quantity between brackets in the value of Q. 

(60). To find the action of the same magnetic system 
in motion and under the influence of any forces ; the body 
being supposed homogeneous and of uniform temperature. 

Retaining the notation and following the steps of the 
preceding article, if we suppose the force / to retain during 
the time t its initial value Fy the equation a = Cf\ or a = Cf 
becomes in this case a^ C .F at any given time, C being a 
function of the time which vanishes when ^ = 0, and represent- 
ing it by y\f(t)^ we have a^yj/(t).F as the value which 
a would acquire on this supposition after the time t. 

But since / is here variable, we must add to this primitive 
value the quantities similar to a which are generated from 
moment to moment by the increments of /, that is, if t be 
the time corresponding to the variable force f ; 

j^ 
then, a^ F ,y^f(t) + fr^i^-'r)- -j^ , from r = to r = ^ 

yf/ denoting the derived function from \f/. 

Similarly, b^ f^f.y\/ (t - t), 

c= }rhy,y\/{t-T), 

and putting 

da db dd ,^, ^ 
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ii = *U(aW + 6'cos0' + c'cosr)^-ft/J/;^ 



we get as before (since k is here constant), 

^^ u r r rf^iO 

hence A . Q = 4 ttAp F(t), 

F{f) being the value of jP'(/) when a?', y\ z, are changed 
into cT, y^ «. 

^irk d 

Also from the equations /= « - -j- (^ + Q)> 

&c. 

df dg dh 4 7rA? „.^. . ^ 

we get •/ + 3^ + 3- = ~T-- -'^(O - A . Q 
^ dx dy d% 3 

Sirk 
But from the values of o 6 and c, we have 






hence, F(t) = frFir). y{f'(t - r), from r = to r = ^, 

which it is easily seen can only be satisfied by F (t) == 0; 

_ . da dh dc 

we have thus, -r" + t" + t" = ^• 

a^ dy dx 

m 

da dh 

Again, if we put -— = Fj (^), we get in like manner 

dy dw 

df dg 47r* 
dy dco 3 

^irk 

' and therefore, ^{f) = -—-j^F, (t) .y^/it-r), 

3 
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whence, Fi (0 = 0, or -— = —-; 

ay ax 

, da dc 

similarly, -r- = -;— 
d% dw 

dh dc 
d% dy * 

therefore, a, 6, c must be the partial differential coefficients 
of a certain function 17, the equation 

da dh dc 
dw dy d% 

^U d?U d?U 

becomes — — - h + = ; 

da^ df dz" 

and we get 

^ . , cP*y (dU' ^ dU' ^ dU' ^J 

also, if «!, F2, Qi be the values of a, F, Q when ^ = r, we have 

and corresponding equations for h and c; these equations are 
evidently the same as those derived by diffisrentiating with 
respect to <i?, y and ss the equation 



Remark, The evaluation of the magnetic actions on ex- 
ternal points, whether the system be at rest or in motion, 
depends on the solution of the equations of this and the pre- 
ceding article; M. Foisson to whom this theory is due, has 
made applications in his third memoir on Magnetism, to the 
case of a homogeneous sphere, hollow or solid, turning round 
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its axis, and influenced by terrestrial magnetism, and has 
shewn that the effect of the rotation is very nearly equivalent 
to that produced by a force normal to the plane passing 
through the axis in the direction of the influencing action of 
the earth, as observed previously by Mr Barlow ; another ap- 
plication has been made to revolving plates, which illustrates 
the great difference between the actions of magnetic systems 
when in rest and motion, for M, Arago had previously dis- 
covered that bodies which have no magnetic power when at rest, 
yet when made rapidly to rotate round an axis, strongly influ- 
enced the magnetic needle in the direction of their motion. 

It is also worthy of observation that the magnetic actions 
of bodies, whether at rest or in motion, may be assimilated 
to that of an electrical stratum, distributed solely on the sur- 
face, with a particular law of thickness, as appears from the 
value of Q in Arts. 58 and 59 ; Mr Barlow has made several 
experiments on the action of iron globes influenced by terres- 
trial magnetism, and has observed that the tangent of the dip 
of a small needle submitted to that action, is twice the tangent 
of the magnetic latitude of that needle with respect to an equa* 
toreal circle drawn on the globe at right angles to the direc- 
tion of terrestrial action, and that the law of force was the 
inverse cube of the distance. Now it is extremely easy to 
shew that a sphere under the influence of a remote body, and 
having originally equal quantities of positive and negative 
electricity, would produce exactly the same actions. (Vid. 
Arts. 19 and 31.) 
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